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DGM/IP methods

Framework : governing equations

Consider a generic set of N convection-diffusion-reaction equations

Ol

ot

Lon(0) = +V - F(0) + V- di (T, V) + S (i1, Vid) = 0
where

@ e (R(Q))" the state vector
f the convective flux vector

d the diffusive flux vector

S the source term

with the first order expansion of d

k _pH Otin
m mn g5l

+O((Vi)*)
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DGM/IP methods

Framework : basic ingredients

Approximation u~ 1 on £ =Ue~ Qs

@ regular (polynomial, harmonic functions, waves, ...) on each element
N
ule € (P(e))
@ not Cy continuous «> standard FEM

ue (€)Y =u(P(e)"

Galerkin formulation

3@ [ v Ln(u)dV =0, vy ed
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DGM/IP methods

Framework : Galerkin variational formulation

Take generic conservation equation

Naive Galerkin :

f aat [v,,,v<gde=o,vVe¢

U
- o 2im gy 7/ - EmdV 55 m*m.*ds)
glv ot +§( evv & - Bevg "
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DGM/IP methods

Framework : Galerkin variational formulation

Take generic conservation equation

Ol
—_— 4+ =0
ot V- 8&mn=

Naive Galerkin : ’E
[ a;t /vmv-éde=o, Vved .
Oum

=ze:/;v,,, o dV+zej(7/eva-gde+ ?g,e"mém'?’ds)

Define operators on boundary (trace) wrt normal 7

[all=a*a* +an
(ell=g i +g -
{a) =(a"+a))2

Then we continue

S [ grav=-3 [Vu-gndv+ S [Ivnl €end + [an] (un o5
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DGM/IP methods

Framework : interface fluxes

The DGM discretisation is then defined as
Oup ~ + = o
zm, Z/va gde+Z]'ym(uﬁu,v,vﬁn)dS:O,Vvetb

Requirements for
@ stability

@ consistent as ut =u” =

im [ &5ds = [ [vngn()].d5
= [ ol {&n(@} + (v} [em(@)1) dS
= [ vn) gn(iyas

@ conservative : let W, =1 Vxee, W,=0 Vx¢e

8 (Wi, tm) = = (", 07, 1,0,3)dS = ym(u”,u™,1,0,) = ~m(u”, ", 1,0, -)
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DGM/IP methods

Interior penalty methc

Framework : local reinterpretation

Global formulation

Z/vm‘?;t"”dv—zfvv,n‘gde+Z/fw,n(a*,a*,v*.viﬁ)dszo, Vved
e e e e f

Choose basis for ® composed of locally supported v and expand

u=>u°
e

then the formulation reduces to elementwise FEM problems coupled by internal bc

8 €
fv; ”f"dv-[vv;-gmdwf (i@, 5% v 0,7)dS =0, Vu© e (),
e ot e de

internal bc provide guiding principle for choosing
locally structured problem

no global operations needed (in particular inversion of mass matrix)

highly dense blocked matrix structure
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DGM/IP methods

Convective terms : finite volume methods

Godunov scheme
@ solution constant per element

@ elementwise flux balance

ou®
ot

ve

+9€9€’H(u ,u ,n)dS

@ interface flux ~ local Riemann problem
@ consistency : H(u,u,n) =f(u)-7
@ conservation : H(u™,u",-A) = ~H(u*,u",R)
@ stability
@ entropy satisfying solutions
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DGM/IP methods

Convective terms :

Unstructured maximum principle : Local Extrema Diminishing / positivity

Scalar problem
@ E-flux

+ o= =N 7 o
H(u",u",h) - f(u) n£07 Vue[uu]

um —ut
@ monotone fluxes
OH OH + -
o >0 e <OVwue[u",u]

@ upwind fluxes

H(u", u™,7) =max(0, (f-7),)u" +min(0, (F-7),)u" +

System of equations
@ (approximate) Riemann solvers

@ monotone fluxes
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s Interior penalty me

Convective terms : Local Extrema Diminishing (LED)

If we can rewrite the FVM scheme as

IS s - )

dt 7

with all Cer > 0 then we can choose At such that the following is a convex combination

du®

1 e f
I=W;H(u,u,n

1 .
Ve STH(uE W R - F(u) B
f

1 H(u®,uf 7y = F(u) -7
= VEZ—

3 uf —ue

(v - u¥)

o1
= Ve

OH , r o
2 g )

and hence the scheme is local extrema diminishing (LED)
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DGM/IP methods

Convective terms : finite volume reinterpreted as DGM

DGM formulation

Zfvma”"“dv-zfvvm.gmdwz/W,,,(u*,aiv*,v*,n)dS:o
< Je t o Je 7 Jf

2]

Choose piecewise constant function space

vi=1 Vxece

vi=0 Vx¢e

Then
d e
ved—”t + ﬁ)e'y(ue,u*,l,o,ﬁ)d5=0, Ve
du®
v‘*’—+9§ H(u, u*, F)dS =0

Generalisation

Oum . L
m dVv - 'm * fmdV m ]| N H m ,u ,ndS=0, Vved
zé:[ev Ze:[er +zf:/f[[v NiHm(u",u",7)dS=0 ve

ot
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DGM/IP methods

Convective terms : energy stability of HO version

LED in FVM is weakened to energy stability for DGM

Pluginv=u

Z[u—dv ZfeVu-?(u)dv—Efjﬂ[[u]]‘ﬁq-[(u*,uiﬁ)ds
Ve = ["Fudu
Zf C v - ZfV g(u)dV - Zf AH(u, 0, 7)dS
=% [([]-#" u” 7) - [E()]) dS
f

| midpoint rule
=—;ff(u —u ) (H(u v,y - F(u™)-R)dS , v elut,u]

| E-flux(H(u*, v, 7)) - F(u)-A)(u” —ut) <0
<0

and a local elementwise entropy inequality (Jiang [JS94])
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DGM/IP methods

Convective terms : local FEM reinterpretation

Fram: < Convective terms Functional ana

For each element e find u® € ®(e)

e
fevﬁ,%dV—[er:,~fm(ue)dV+fov:,Hm(u,u*,ﬁ)dS:O, YV € d(e)

fee

then we find
@ Galerkin FEM problem for each element e

@ flux boundary conditions ensure “Dirichlet”-like coupling to the neighbours
@ choice of H ensures stability of the bc

@ if H is upwind flux imposes correct characteristics to/from external state u* = u
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DGM/IP methods

Functional analysis : Lax-Milgram theorem

V is a Hilbert space

@ Complete vector space

@ x,yeV=x+yeV
@ xeV=axeV
@ any Cauchy sequence converges in V

@ Inner product (.,.)
o (u,v)=(v,u)
o (u+w,v)=(uv)+(w,v)
o (u,u)>0
a(.,.) is a continuous and coercive bilinear form V x V - R
@ 3¢ >0:|a(u,v)|<allul|-|lv]] Yu,veV
@ 3 >0:a(u,u) 2ol YueV
@ a(u+v,w)=a(u,w)+a(v,w), a(u,v+w)=a(u,v)+a(u,w)

< f,.>is a continuous linear form V — R
Jc>0 : |[<f,u>| < c|u|
Then the problem

a(u,v)=<f,v>, VveV

has a unique solution u € V
K.Hillewaert Discontinuous Galerkin Methods
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DGM/IP methods

Functional analysis : Lax-Milgram - illlustration for R”

Lax-Milgram is sufficient but not necessary condition for solvability (not applicable to convective
DGM)

Eg. apply Lax-Milgram to solve for Ax=b , A e R™" x,beR"
@ define inner product (x,y) = y'x

@ define bilinear form a(x,y) =y’ Ax
@ continuity implies A is bounded

T Iy T I
Iy" Axl =120 yi il x| < 32 Xiyixi | < M mal Il
1 1
@ coercivity implies A is positive definite

T ! / 2
x Ax = ZX/-)\,‘I',‘ X = E AiXi X 2 Apin[¥]|
7 7

@ define a linear form f(x) = x” - a, continuity implies a is finite : |f(x)| < ||a]|||||

@ hence yTAx = yT -a Vy € R" has a unique solution
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DGM/IP methods

Functional analysis : Broken Sobolev spaces

The broken Sobolev space H*(£) defined by its

@ elements
H(E)={vel®’(Q) : vlee H(E) , YEec &}
@ broken norm
llullws ey = 3 ullms ey
EeE
@ broken inner product

(u, VIkscey = 2 (U, V) s (e
EecE

2nd order PDE : use H*(€)

@ natural norm :
2 2
H“”Hl() = ZH“”HI(E) = Z(|U|o,e + |”|1,e)
e e
@ DG energy norm :

llullos = S|V uf2 + ; [Te;
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DGM/IP methods

Interior penalty methods : Naive Galerkin for elliptic/parabolic equations

Elliptic problem

V-uVi=f
u=u" Vxelp

Ohu=g Vxely

Naive DG approach Vv € ¢

a(u, ")=§e:/;v"‘“v“d‘/*zf:ff[[vuw]] ds
:zfer‘MVudV—Xf:]f[[v]]-{{VU}} + LUV~ dS
"X /;V"'“V”d‘/ p> [0 gvup dsvveo

=3Jved:a(v,v)#$0

Conclusions :
— is not coercive and hence unique solution is not guaranteed

+ however DG allows consistent stabilisation using solution jumps
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DGM/IP methods

Interior penalty methods : Baumann-Oden (BO)

Bilinear form compensates consistent interface term

2@ =% [ vuav -3 [ (Tul - [ul) (9v)) 65, wrve Vi

Coercivity ?

2w =% [I9Fv-F [ 49 -1 (7w as =3 [Ivfav, vuvev,

Conclusions
+ very natural way for stabilisation
- not stable for pure diffusion (constant functions) since only larger than seminorm

— formulation is not symmetric

@ non-symmetric Krylov iterator (BiCG/GMRES) instead of CG
@ convergence of stationary methods (Jacobi/GS/SOR/...)
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DGM/IP methods

Interior penalty methods : boundary penalty methods Nitsche 71

Elliptic problem with rough Dirichlet bc

V- -uVu=0 VxeQ
u=g VYxed

.
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DGM/IP methods

Interior penalty methods : boundary penalty methods Nitsche 71

Elliptic problem with rough Dirichlet bc

V- -uVu=0 VxeQ
u=g Vxeofd
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DGM/IP methods

Interior penalty methods : boundary penalty methods Nitsche 71

Elliptic problem with rough Dirichlet bc

V- -uVu=0 VxeQ
u=g Vxeofd

Penalty bc
+ consistency term - conditional stability ifo o ~ uC/h

wvvdV+ [ o(u-g)vds- [ .7dS =0
‘/S;VLI pvvdV + ana(u g)v é}QvuVu n
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DGM/IP methods

Interior penalty methods : boundary penalty methods Nitsche 71

Elliptic problem with rough Dirichlet bc

V- -uVu=0 VxeQ
u=g Vxeofd

Penalty bc
+ consistency term - conditional stability ifo o ~ uC/h

wvvdV+ [ o(u-g)vds- [ .7dS =0
‘/S;VLI pvvdV + ana(u g)v é}QvuVu n

Symmetrizing variant - conditional stability ifo o ~ C/h

/QVU-;LVvdVJr _/aﬂa(u—g)vdsf_/BQ(VHVUJr(u—g)qu)-ndS:O
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Interior penalty methods : boundary penalty methods Nitsche 71

Elliptic problem with rough Dirichlet bc
V- -uVu=0 VxeQ

u=g Vxeofd

Penalty bc
+ consistency term - conditional stability ifo o ~ uC/h

wvvdV+ [ o(u-g)vds- [ .7dS =0
‘/S;VLI pvvdV + ana(u g)v é}QvuVu n

Symmetrizing variant - conditional stability ifo o ~ C/h

/QVU-;LVvdVJr _/aﬂa(u—g)vdsf_/BQ(VHVUJr(u—g)qu)-ndS:O

Antisymmetric variant - stability for all o >0

fVuu‘VvdV-#/ a(u—g)vds—/ (vuVu—-p(u—-g)Vv) -ndS =0
Q (2193 [ely]
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DGM/IP methods

Interior penalty methods : Interior Penalty Method - local view point

Local problem : for each element e find u® € ®(e)
/Vve-VuedV+/ ove(ue—uo)ds
e de ;
—f vEVL +0(uf - u")VveRdS =0, Vv e d(e):
de

with Nitsche penalties for coupling boundary conditions
Global problem : find u e ®

S [vv-uvuav+ So [ulvds
-5 [ 9o} + Lusarioyas
-0 [Tl guvv) ds
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DGM/IP methods

Interior penalty methods : properties

S [vvnvuav Do [1ul[v])ds
-3 [0 (uve) + Luvedrryas
-0 [Tl {uvvy ds

@ theta =1 Non-Symmetric Interior Penalty (SIP) - symmetric, conditionnally stable (o > o)
@ theta = -1 Incomplete Interior Penalty (NIP) - antisymmetric, marginally stable (o > 0)

Description Riviere [Riv08]
Relation to lifting based methods Arnold et al. [ABCMO02]
Question : how do we choose o for SIP
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DGM/IP methods

Interior penalty methods : Coercivity of SIP

a(v, V):§L|VV|2dV—2Zf:/;{{VV}} vl d5+20-f/;[[v]]2 d5>C1||vH2 2
1 , ,
zzE:fEIVdeV—Zf:;ff{{Vv}} d5+zf:(gf_€f)[f[[v]] ds
Zzs:felvvlzw_zf:éff‘v"+|2+|VV'|2+2Vv“vV*d5+...

1 _ 1 _
2Zf|Vv|2dV—Z—f\Vv+|2+|Vv |2dS—Z—f|Vv PdS+...
e Je 7 2ep Jf fer €F Jf

*
Cr

Zzs:(l_fz

e
ce ©f

)£|Vv|2dV+ZF:ﬂ(0f—ef)[v]2dS

C;,e = cf‘ei-ﬁg:)) , Vfel
ct,e A(F)
= , Vfel
2 V(e) f
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DGM/IP methods

Interior penalty methods : Trace inequality constants

e/ f edge triangle quadrilateral
triangle® (p+1)(p+2)/2 - -
tetrahedron® - (p+1)(p+3)/3 -
quadrilateralt (p+1)2 - -
hexahedront - - (p+ 1)2
wedge! - (p+1)? (p+1)(p+2)/2
pyramidf - 1.05(p+1)(2p+3)/3 (p+1)(p+3)/3

Al

2
dV , Yued
V(e) /;l.l ue€ P

/{uzds <ce,i(p)-

Hillewaert & Remacle, submitted to Sinum
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DGM/IP methods

Interior penalty methods : Coercivity of SIP - alternatives for o

Choose €¢ and o such that

C.

e €

;-‘e 2 2
a(v,v) 2 3 1_;5; ; ];Wv\ dV+;ﬂ(0f—ef)[v] ds
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DGM/IP methods
Coercivity of SIP - alternatives for o

Interior penalty methods :

Choose €¢ and o such that

a(v,v) 22(1—2 c;e) fE|Vv\2dV+ZF:ff(af—ef)[v]2d5

e fe

Generalisation of Shahbazi (05)

Of > €f
ef>mafx(z . )= (V( );ecf/)v.A(f )) |

e
flee
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DGM/IP methods
Coercivity of SIP - alternatives for o

Interior penalty methods :

Choose €¢ and o such that

a(v,v) 22(1—2 c;e) fE|Vv\2dV+ZF:ff(af—ef)[v]2d5

e fe

Generalisation of Shahbazi (05)
Of > €f
(ZC" )= (50 B ) \

€f > max
>f fee

e
flee

Anisotropic definition
Of > €f
A(f)
*
€f > n;safx(ncf’s) = max (ncﬁc W
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Interior penalty methods : verification

@ manufactured solution

Au=-Af, VxeQ

u=f, Vxel
d
F=T]e"
i=1
@ define
*
Of = Q0¢
@ plot

L>-norm of the error as a function of o
@ single-precision
direct solver < conditioning

K.Hillewaert
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Interior penalty methods

Interior penalty methods : verification

1
\I\\_\ p=1 ——
g p=2
p=3 —%
p=d4 —e—
p=1
01 p=2 —=—
p=3
=4
0.01
ey
0.001
0.0001 E\

02 04 06 08 1 1.2 14 16 18 2
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DGM/IP methods

Interior penalty methods : extension to systems

Scalar penalty

Matrix penalty
OV DX Ouy, Kk w  Oup
Zf Axy : mn % dV—Zf:ﬂ[[Vm]] {{Dmn‘ Ix! }}ds
k[ OVm
,ezfjff[[un]] {{Dnm- — ,}}ds

*

+ 2 [ (nl (D, + D8, 10,T) o = 0

f
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DGM/IP methods

Interpolation and quadrature : need for curved meshes and mappings

Example : von Karman street from cylinder Re=100, DGM(4)

K.Hillewaert Discontinuous Galerkin Methods
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Interpolation and quadrature : need for curved meshes and mappings
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Interpolation and quadrature : need for curved meshes and mappings
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DGM/IP methods

Interpolation and quadrature : Taxonomy of base functions

DGM : basis ¢; for ® is supported on a single element — total freedom

@ modal : easy/well-conditioned base irrespective of geometry

@ monomials 1,6752, S

@ orthogonal polynomials, eg. Legendre in 1D P" (&)
@ fundamental solutions : eg. plane waves
°

@ nodal : control points associated to the geometry

@ Lagrangian (equidistant, optimised, spectral elements)
@ Splines

Coordinate system
@ Parametric

@ Cartesian

K.Hillewaert Discontinuous Galerkin Methods
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DGM/IP methods

Interpolation and quadrature : Standard choice : parametric Lagrangian interpolation

Solutions and coordinates expanded in parametric coordinates &

N . Ny .
Um = Zuim¢i(£) X = X; ¢r(€)
i=1 i=1
Jacobian J of x wrt &
axk Ne gy i gk
JM:Bif/:,;a{’ (J )k1=W

Classical Gauss-Legendre quadrature O(2p + 1)

N .
[ Vi (Fe(u) +F4(u, Vu))dV = fj wq ( 6¢k' i (FLw) + £, vw)) |J\)
v q=1 ¢ €q
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DGM/IP methods

Interpolation and quadrature : Lagrangian boundary closures

Suppose
(] AWi, &) = {\i}

@ suppose span{d)k}f = span{d),f}
@ V' is invertible, with V/ = ¢ (¢)

For any A;
f f
)\i|f = Zﬁiﬂ/’j = BijXj
J je=f
i (&) =0
=3 BX (&) = Bix , Ve e='
J
&
and hence [

)\k|f:07 VEk ¢ f

= whatever the basis v);, Lagrangian elements with complete boundary spaces will result
interpolations on the boundary that only depend on the interpolation nodes on that same
boundary

@ C° continuity (mesh generation)
@ efficient assembly

K.Hillewaert Discontinuous Galerkin Methods
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DGM/IP methods

Interpolation and quadrature : computation

Lagrangian interpolants A; based on points &;
and whatever set of basis functions 1); : ® = span(1);)

I5gmbol

e (&) =6y

A= Ay
7
A(€)  A(&) oo A(én) P1(&1)  vi(&2) .. (€n)
(&) X&) o M) | D | ¥e(&) Pa(€) o 2(&n)
M) M(&) oo An(En) Un(€1)  a(€2) oo n(En)
1 A\
=A=V"
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DGM/IP methods

Interpolation and quadrature : simplex templates

5,

Functional space ]P’g = span{[1%, 5?" :0< ¥ pi<p}

Compendium of quadrature rules in Solin 2004 [SSD04]
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DGM/IP methods

Interpolation and quadrature :tensor product element templates

5,

Functional space Qg = span{]'[?:1 5? :0< pi<p}
Quadrature rules : tensor product of 1D Gauss-Legendre

Caveat : optimised quadrature rules (Solin) often apply to Pascal space

K.Hillewaert Discontinuous Galerkin Methods
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DGM/IP methods

Interpolation and quadrature : prisms

Functional space and quadrature : Tensor product of triangle and lines

K.Hillewaert Galerkin Methods
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DGM/IP methods

Interpolation and quadrature :transition element templates

Bergot et al. [BCD10] boundary compliant functional space

®° = span {Yj,0<i,j<p, 0<k<p—p;}

Vi =P ( 1 El&s ) Pj ( 1 §2§3) (1-&)"i Pimjﬂ’o (26-1)

wij = max (i, j)

Quadrature rules based on degenerated hex

K.Hillewaert Discontinuous Galerkin Methods



Practical implementation omputational kerne

QOutline

e Practical implementation
@ Computational kernels
@ Practical quadrature
@ Implicit solver
@ Efficient Jacobian assembly

Galerkin Methods
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Practical implementation

Computational kernels : matrix and vector proxies

Computational kernels Pr rature Implici

A R™" = (a, n, m, Ida)
Aj=x(a+i*n+j)

Aj=x(a+ix*lda+j)

K.Hillewaert Discontinuous Galerkin Methods
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Practical implementation

Computational kernels Pr rature Impli

Computational kernels : matrix and vector proxies

—
DR ——
:3333—:_3’3/3/_13,
e o 1o o o o o o o o
—— 0 —0—0— 00— 00— 00— 0—0 |

T
’::/fd:_,_:_/.----,

B ¢ R = (b, p, q, Ida)
b=a+ip*Ida+jp

Bj=x(b+ix*lda+j)=x(a+(i+ip)*n+(j+Jjp)

K.Hillewaert Discontinuous Galerkin Methods
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Practical implementation

Computational kernels : matrix and vector proxies

o o o o o o o o o |

M IR ——
:giF;—:—i;i
*==’_i/=_i_i_;i>

b e R” = (b, p, Ida)
b=a+ i, * Ida
bj =x(b+i%lda) =+(a+ (i+ip) *n
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Practical implementation

Practical implementation
Computational kernels : BLAS GEMM

20 T
MKL - single

MKL - double
Atlas - single
Atlas - doubl

Native - singl
15 |Native - doub

[%2]
) 10
0 ]
O] /\L
o
& KKK
0 | | | | | | |
0 50 100 150 200 250 300 350 400
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Practical implementation
Computational kernels : BLAS GEMM

20 T ‘
MKL - single —

GFlops

B[]

e
ay Lzl

¥ @i E R R
v ‘J.:’DE,‘%D OEE
X XXX X%

0 | |
180 190 200

150 160 170
N Ce
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Practical implementation
Computational kernels : BLAS GEMV

MKL - si‘ngle -
MKL - double
Atlas - single e
Atlas - double =
4 Native - single
Nativer<'double
3 /
[%]
Q.
]
[
© 2 K%
LI |
B R -*~><-x.x-->ﬁ»>.<.x*-x»xw:oe\xi\*/x*%x KKK
X o . o winjolny o
! N wDDBDDDDE}DUUDDDUUB SRt Lt e m e S o
e
o L¥
0 50 100 150 200 250 300 350 400

N
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Practical implementation
Computational kernels : BLAS GEMV

5 T
MKL - single —
MKL - double
Atlas - single R
Atlas - double =

4 r—Native - single
Native - double

GFlops

><¥>°<*>s< S KGRI KK KKKy K K SORTAKK 5 Ky KT K *

o EEEEEEEDE DDDDDDDDBDDDDDUUUDDDUDBUUBUUUDDUUDBD h
il i

0
150 160 170 180 190 200

N yo
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Practical implementation
Computational kernels : BLAS AXPY

10 T ‘
MKL - single —
MKL - double
Atlas - single B R
Atlas - double =

8 [-Native - single
Native - double

GFlops
o
?
b3
*:
*
X
*
¥
*
X
S

4 * K

N
0
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9
|
y

C
i1
o

o

[
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o
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o s e e
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Practical implementation
Computational kernels : BLAS AXPY

10 T ‘
MKL - single —
MKL - double
Atlas - single B R
Atlas - double =

8 [-Native - single
Native - double

VY

GFlops

SN SR
X e
b o 8 88 1 i S |
2 s 28N 55 .
@
0
1210 1215 1220 1225 1230 1235 1240

N yo
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Practical implementation

Practical implementation : lessons

@ peak flop rate : multiple of clock-speed due to inherent vectorisation (SIMD)
AMD, Intel < Harpertown : SSE4 - 4 double, 8 single
Intel Sandy Bridge : AVC - 8 double, 16 single

BG/P 4 double (fma)

e BG/Q 8 double (fma)

requires efficient pipelining (data alignment and cache)

@ efficiency increases with BLAS level ~ cache effects and pipelining effects - work to memory
~ n’/n
@ data packing effects clearly visible in efficiency — interest for padding

@ efficiency depends very much on library
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Practical quadrature

Full quadrature eg. volume terms

Classical Gauss-Legendre quadrature O(2p + 1)

2 - & 09 1 I
Fim < Fim + | Vi (Fn () + (0, V) AV w13 + 3 wg ae+ (FL(u) + f5(u, 7)) Y]
q=1 &q

efficient implementation : split up in parametric and physical steps :
o Collocation

Ne
um(&q) = Zld’i(gq)uim

dun\ & 6@)
(05' )sq’gu‘”(ae .

@ Evaluation of geometry and physics

Bum) d ( 1 8u,,,)
RS I il
(8Xk &q Z} * og! &q

Tam = B (fom (@) + £, V1))
q

e Flux redistribution

AN
l‘im<—rim+ZWq(87£k) fqm
S §q

g=1
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Practical implementation

Practical quadrature :Matrix operations in parametric

N, N, N, N,
Ng, Ng e [ e3 en
Solution collocation
N Ne
Um(gq) = Z ¢i(£q)uim Ugm = Z quuim
i=1 i=1
Gradient collocation
N, N,
Oum 4 09 I 2
= == =S & u
( 85’ )Eq ;U:m(ag, Eq Igm ; qiWim
Flux redistribution
Nq 9¢;
i K k ok
i = S (Ger) ot = Y ST
q=1 &q k q

Premultiplication with the mass matrix
*
Fimt = m,'jl’jm
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Practical implementation

Implicit solver : Damped inexact Newton

Backward-Euler with one Newton solve

n n—1
* Up —Upy n
v =|¢i, —"—+ L =0, Vm, Vo e®
im (d) n m(u)) m, V¢

A" Au" = —r"

. or M

A= +A
Ou AT

Strategy for global CFL

n n Ax
Ar"= RN — =X
u-(2p+1)
CFL" = CFLO‘( il )Q
| g1

Options
@ direct solvers (Gauss)

@ Matrix iterative solvers - Krylov subspace
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block CSR structure
+ very low indexing overhead allowing simple and flexible datastructure
+ computations recastable in dense gemm, inversion and gemv
o datastructure can be deallocated/allocated on the fly
o internal renumbering independent of the mesh
- large block size Ny N, ~ p*N, (eg. DGM(4) hex, Navier-Stokes : 625) — memory bottle-neck

K.Hillewaert Discontinuous Galerkin Methods



Practical implementation Computational kernels P quadrature Implicit solver Effic

Implicit solver

Matrix operations efficiency inversion

20 T
MKL(s) —e—
Atlas(s)

native(s)

MKL* (s)

0 i i
1 2 3 4
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Implicit solver

Matrix operations efficiency inversion

18 T
MKL(s) —e—

16 Atlas(s) L4
native(s) - ’
MKL(d)

14 - Atlas(d)
native(d)

12

10

5
8
6
4
2
0
1
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Implicit solver
matrix-vector product

Matrix operations efficiency

2
MKL(s) —e—
Atlas(s)
native(s)
MKL(d)
15 [Atlas(d)

[ native(d)

GFlops
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Implicit solver

Matrix operations efficiency matrix-vector product

0.12 ‘
MKL(9) PN
Atlas(s)
native(s) - Qe
01 FMKL(d) 4
Atlas(d)
native(d) - PO
0.08
g 0.06
0.04
0.02
0
1 2 3 )
p
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Practical implementation
Implicit solver : Krylov subspace methods (see Saad00 [Saa00])

Look for correction Au" € I, (A*,r*)
Ko (A, ¢") =span{r", A" -r*, ..., (A")"-r"}
Needs

@ operator to provide A* - p for generic p matrix-free Krylov

r*(u" +ep)-r (u")

€

A" pw

sl
llell

€=

@ vector internal product (parallellisation) (Gramm-Schmidt)

@ preconditioning : pick iterative method P ~ A™1

A" -P.x=-r"
Aun=P<x~(A*)_1-x

matrix preconditioners (BILU, BJacobi), hp-multigrid
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Practical implementation

Implicit solver : single precision preconditioner

10000 T - T
MKL - single —e—
B MKL - double
100 M Atlas- single A q
B Atlas- double s
1k o, Native - single ]
Native - double
001 R
T 0000l - .
1e-06 R
1e-08 R
1e-10 | ]
le-12 5 . : - . . .
0 2 4 6 8 10 12 14 16
iterations
@ still solve a double precision problem
@ preconditioning only requires approximate solution
@ halves the memory
@ up to twice as efficient
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Practical implementation

Efficient Jacobian assembly : volume Jacobian assembly (naive)

- NN
aEm Ooooo
L 00000
EEE HiRINInIn|
" ia--Lonnon

fin= [, Voleav - 2w (lJnglfﬂ’q(u))Eq = g;}r" - zq:(wq%¢j)£q (““;'1275;(”))5
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Practical implementation

Efficient Jacobian assembly : volume Jacobian assembly (contiguous)

i - Ofim 0¢;
o= [y votav - wo (GG RW) = G -2 (mggie) (uuk, o <u>)

&q

@ subblock (right) is proxy — not contiguous in memory — addition is done row per row
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Practical implementation

Efficient Jacobian assembly : volume Jacobian assembly (optimized)

- Opi 1.1 i 0¢; 1 Of]
im = fedV = E J 3 f = = e 1) m
v _/‘-/V¢ a Wq (| |a§k w0 fn () . Bup Eq: Wq ok @j . RIRpH au, (u) .
@ subblock (right) is proxy — not contiguous in memory

@ intermediate blocks contiguous — single contiguous sum for N assembly steps (blue) +
single copy (green)
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Practical implementation

Efficient Jacobian assembly : volume Jacobian assembly

Efficient Jacobi:

fwfdv qu(

-1l Ofim 0¢; -1 0f
aes M )) ~ ou, ‘Z( et ) q(“““ ou (u))

@ subblock (right) is proxy — not contiguous in memory
@ intermediate blocks contiguous — single contiguous sum for N assembly steps (blue) +
single copy (green)

@ padding increases flop efficiency in the assembly sums (blue)

Similar optimisations for interface terms etc. See [Hil10] for details.

£q
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Efficient Jacobi

Evolution of assembly cost

0.01

0.0001

1e05 £
1

al implementation

an assembly

Computational kernels P

quadrature

1e+08
Volume ——
Interface )
Boundary - A
L-Mass L
Total 1
Operation count_/ée{ A lev07
1 1e+06
. 4 100000
ol
10000
p

Imp

number of flops/element

Efficient Jacobi:

MKL - naive
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Efficient Jacobian assembly

Evolution of assembly cost MKL - contiguous

1le+08

Volume
Interface
Boundary
0.01 |-Mass
Total

Operation count §
&
3
= 0.001 S
o =
=]
o
Ke}
=
0.0001 K 3 100000 ©

1e05 £ 10000

1
P
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Efficient Jacobian assembly

Evolution of assembly cost MKL - optimized

let08
Volume
Interface
Boundary
0.01 ¢ 1"{'6;? s
o
Operation count le+07 ¥
&
2
> 0001 g
o =
=}
o]
o
€
2
0.0001 o 3 100000
4
1le-05 10000
1
p

Computational complexity # computational effort
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QOutline

e hp-multigrid

@ Basics

@ Transfer operators

@ Performance for convective problems
@ Concluding remarks

Galerkin Methods
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hp-multigrid

Basics : multilevel methods

V-cycle W-—cycle Full Multigrid
G . o« .

NN

o o

B VAV

o pre—smoothing

e post—smoothing

K.Hillewaert
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hp-multigrid

Basics : h-Multigrid — element size coarsening

_ 3n/4

- /2

n/d

K.Hillewaert Discontinuous Galerkin Methods
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hp-multigrid

Basics : p-Multigrid — element order coarsening

-
o
o

/3ynbol

-8,2 1

-8.4 4

-8.6 . . .
-1 -0.5 ] 8.5 1

Synbol x
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hp-multigrid

Basics : p-Multigrid — element order coarsening

1.2
o k!
~
A
2 ]
£
5
&
<
-8.2 - b
-8.4 . . .
-1 -0.5 [] 0.5 1

Synbol x
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hp-multigrid

Basics : p-Multigrid — element order coarsening

/Synbol

-0.2 . . .
-1 -8.5 [ 0.5 1

Synbol x
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hp-multigrid

Basics : p-Multigrid — element order coarsening

/5ynbol

-8.2 . L .
-1 -8.5 ] 0.5 1

Synbol x
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hp-multigrid

Basics : DGM - variational FAS [HCGRO06, HRC*06]

Define fine (p) and coarse level (q) by either grid- or order-coarsening

uf e dF

ul e d?

FAS cycle :
@ iterate on the fine level : uP — u”’
@ restrict the fine level solution : u? = TP (")

@ solve variational formulation of the defect correction equation
(£ = £(W")+ £ (), 0f) =0 vof <o

prolongate the correction uP = uP + TP (09 - )

© iterate on the finest level to smooth the error

K.Hillewaert Discontinuous Galerkin Methods
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3, Transfer operators Performar
hp-multigrid

Transfer operators :

Solution transfer between levels a and b

Both restriction and prolongation : use Galerkin projection

v ed® 5 ubedb

a a a a a
U = Ui ®; , b; € ®
ba a b _ b b b _4b
T Up = Uy =07 ¢ €

L, projection ®? — &P

(66,07 ) upy = (4, 67) uys Vo5 € @

im?

Solution transfer matrix T

K.Hillewaert

Galerkin Methods
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hp-multigrid

Transfer operators : Residual transfer [HCGRO06, HRC*06]

Expand L£(uP) in &P using Ly projection

Ln(uP) =310 87
7
S (#.00) = (¢ L) =,
then weigh with ¢>J‘7

tin = (7 L () = (6], 21, 7)

residual transfer matrix T9%

M. (Mpp)—l *
_ -i-qprp _ (qu)T ¥
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hp-multigrid

Transfer operators : equivalence of DCGA and GCGA [HCGRO06, HRC*06]

L is linear :

AP uP =5
(£ (+))

9 e dP
67 =al of | Vol e o
a® =M. (Mpp)*l —For _ (qu)T
then we can compute the Coarse Grid Approximation (CGA) of A9

Aj = ( 7,/;((;5;7)) =P (9f, L(¢0)) - o
A = aqup(aqp)T —F®. AP . TPY

Using Galerkin projection and variational FAS, we get optimal Galerkin CGA from simple/standard
discretisation CGA

K.Hillewaert Discontinuous Galerkin Methods
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hp-multigrid

Transfer operators : Galerkin CGA and error propagation

@ restriction of residual after correction is exactly 0
TP (A?- (up' +TP (u - uq')) -s")=0
@ the error after coarse grid correction depends only on the smooth part of the initial error

APeP = APUP — &P =P
o = (TP (TT77) . §%) . " ¢ ran (T%)

e = (1p- T (F1°7) . §) . ¢ e ker (T7)

then

e = (Ip-T- (A7) T%. A7) e
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hp-multigrid

Performance for convective problems : Strategy

V-cycle W-cycle Full Multigrid

o pre—smoothing

e post—smoothing

Schemes . )
@ 4step explicit Runge-Kutta on finest levels

@ 10 pre- and postsmoothing steps

@ hybrid cycles : Newton step at coarsest level

K.Hillewaert Discontinuous Galerkin Methods
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hp-multigrid : Performance for convective problems
NACAO0012
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hp-multigrid : Performance for convective problems

CPU comparison with Newton-Krylov - coarse mesh

: - g - : - — T3
Les08 — veycle b Ler06 (- — veycle b
w-cycle w-cycle
vecycle-i0 v-cycled0
— weeycle-i0 \ — weeycle-i0 4
Runge-Kutta Runge-Kutta E|
1000 Newron-Krylov | 1000 |- Newron-Krylov |
z J g J
g E ' E
L 4 I 4
0001 4 0001 [ 4
P O I RN EPR B P O O P P B
° 500 1000 (500 2000 2500 3000 0 1000 2000 3000 4000 5000 6000

Galerkin Methods
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hp-multigrid : Performance for convective problems

CPU comparison with Newton-Krylov - fine mesh

Le+06 — veycle Le+06 1 — veycle b
w-eyele w-eycle
vecycle-i0 vecycle-i0
— weycle-i0 — weeycle-i0
Runge-Kutia Runge-Kutta

1000 Newton-Keylov | 1000 Newron-Keylov

Le)
L)

00001 0001 —

1 | L |
8000 0 5000 10000 15000 20000 25000 30000
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Performance for convective problems :

hp-multigrid

Performance for convective problems Conclud

Cycling strategies - coarse mesh

Le+06

- - - - - -
Le+06 | — veycle E — veyele
\ weeycle w-excle
v-eyclei0 veycle-i0
\ — weoycle-i0 1000 — weycle-i0
1000 [ -
= z
3 3 . E
= 5
000L B
000l [- B \
Il 1 Il
0 200 50 100 150
(m) p=
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hp-multigrid

Performance for convective problems : Cycling strategies - fine mesh

Le+06 - : - —— Le+06 - - : ——
— veydle — voyce
weeycle w-cycle
v-cycle-i0 \ veycle-i0
1000 — weeycle-i0 E 1000 — weoycle-i0
2 z
- L 4 = L 4
0001 4 0001 4
|
100 500 500
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hp-multigrid : Concluding remark

Concluding remarks

Conclusions
@ easy multigrid implementation for DG
@ optimal transfer operators
@ hybrid p-multigrid approach promising for inviscid flows (hybrid cycle)

@ very easy to use for nested initial iterations

Further work

@ h-Multigrid implementations on unstructured meshes

@ agglomeration multigrid Tesini 2008 [Tes08]
@ nested meshes

@ independent meshes

@ directional coarsening

@ design of smoothers for viscous flows VdVegt, JCP [vdVR12a, vdVR12b],?
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