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Gauss Invents an Iterative Method in a Letter
Gauss (1823), in a letter to Gerling: in order to compute
a least squares solution based on angle measurements
between the locations Berger Warte, Johannisberg, Taufstein
and Milseburg:
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Gauss’ Method
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Calculations Make Happy !

Gauss concludes his letter with the statement:

“... You will in future hardly eliminate directly, at least not
when you have more than two unknowns. The indirect
procedure can be done while one is half asleep, or is thinking
about other things.”
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Supp. Theoria Combinationis Observationum 1828
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Jacobi also Invents an Iterative Method
Jacobi (1845): Ueber eine neue Auflösungsart der bei der
Methode der kleinsten Quadrate vorkommenden lineären
Gleichungen



Iterative Methods

Martin J. Gander

Stationary Methods

Gauss

Jacobi

Seidel

Modern Notation

SOR

Richardson

Non-Stationary

Richardson

Conjugate Residuals

Steepest Descent

Global Strategies

Chebyshev

Semi-Iterative Method

Extrapolation

Krylov Spaces

Preconditioning

Krylov Methods

Stiefel

Conjugate Gradients

Lanczos, MINRES,
SYMMLQ, FOM,
GMRES, QMR, BiCG

Krylov

DD and Multigrid

Invention of Schwarz

Substructuring

Waveform Relaxation

Multigrid

Conclusions

Jacobi’s Method
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New Idea of Jacobi

. . . and he invents the Jacobi rotations !
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Jacobi Rotations

Next, Jacobi takes an example from Gauss’ Theoria Motus
Corporum Coelestium in Sectionibus Conicis Solem
Ambientium (1809)
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Jacobi does Preconditioning

After preconditioning, it takes only three Jacobi iterations to
obtain three accurate digits!
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Ludwig Seidel

Seidel (1874): Ueber ein Verfahren, die Gleichungen, auf
welche die Methode der kleinsten Quadrate führt, sowie
lineäre Gleichungen ueberhaupt, durch successive
Annäherung aufzulösen
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Seidel was Jacobi’s Student
Seidel talks about Jacobi, and how he had the honor to
calculate for him:

but he also did not think much about the preconditioning
idea of Jacobi:
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Seidel’s “New Method”
Seidel then proposes a third method, his method:

◮ Seidel describes in what follows Gauss’ method

◮ He gives a convergence prove for the case of the normal
equations

◮ He emphasizes that any system can be written as a
system of normal equations

◮ He notes that the unknowns could also be processed
cyclically

◮ and ...
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Seidel Does Parallel Computing!
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Modern Notation

Large sparse linear system

Ax = b, A ∈ R
n×n, b ∈ R

n,

Split the matrix, A = M − N, and iterate

Mxk+1 = Nxk + b, k = 0, 1, 2, . . .

Stationary iterative method: M and N do not depend on k

Conditions on M:

◮ M is a good approximation of A,

◮ Mx = y is easy and cheap to solve.

Standard form: xk+1 = M−1Nxk +M−1b
Correction form: xk+1 = xk +M−1(b− Axk)
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Residual, Error and the Difference of Iterates

Theorem: Defining the

◮ error: ek := x− xk
◮ residual: rk := b− Axk
◮ difference of iterates: uk := xk+1 − xk

we have

ek+1 = M−1Nek ,

uk+1 = M−1Nuk ,

rk+1 = NM−1rk ,

and difference, error and residual are related by

Muk = rk = Aek .

Theorem (Nekrasov 1885, Pizzetti 1887) The method
converges iff ρ(M−1N) < 1.
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Convergence Factor and Convergence Rate

ek = (M−1N)ke0 = G ke0

taking norms, we want for the error reduction to tolerance ε

‖ek‖

‖e0‖
≤ ‖G k‖ =

(∥
∥
∥G k

∥
∥
∥

1
k

)k

< ε =⇒ k >
ln(ε)

ln
(

‖G k‖
1
k

) .

Lemma: For any induced matrix norm, we have

lim
k→∞

‖G k‖
1
k = ρ(G ).

Definition:

◮ mean convergence factor: ρk(G ) = ‖G k‖
1
k

◮ asymptotic convergence factor: ρ(G ) = limk→∞ ρk(G )

◮ mean convergence rate

Rk(G ) = − ln
(

‖G k‖
1
k

)

= − ln(ρk(G ))

◮ asymptotic convergence rate R∞(G ) = − ln(ρ(G ))
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Jacobi’s Method

One step of Jacobi for the system Ax = b

for i=1:n

tmp(i)=(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i);

end

x=tmp(:);

This corresponds to the splitting A = M − N with

M = D, N = −L− U =⇒ Dxk+1 = b− (L+ U)xk

Theorem: If the matrix A ∈ R
n×n is strictly diagonally

dominant , i.e.

|aii | >
∑

j 6=i

|aij | for i = 1, . . . , n,

then the Jacobi iteration converges.
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Gauss-Seidel

One step of Gauss-Seidel for the system Ax = b

for i=1:n

x(i)=(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i);

end

This corresponds to the splitting

M = D + L, N = −U

=⇒ (D + L)xk+1 = −Uxk + b.

Remark: Gauss-Seidel is often faster than Jacobi, e.g. for
the Laplacian, Gauss-Seidel converges twice as fast as Jacobi
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Gauss-Seidel always faster than Jacobi ?

A =





−1 0 −1
−1 1 0
1 2 −3





The Jacobi iteration matrix

GJ = −D−1(L+ U) =





0 0 −1
1 0 0
1
3

2
3 0



 ,

has eigenvalues 0.37 ± 0.86i and −0.74, ρ(GJ) = 0.944.
Gauss-Seidel iteration matrix

GGS = −(D + L)−1U =





0 0 −1
0 0 −1
0 0 −1



 ,

has eigenvalues 0, 0, −1 with ρ(GGS) = 1.
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Successive Overrelaxation
One step of Successive Overrelaxation (Young 1950) with
parameter ω for the system Ax = b

for i=1:n

x(i)=omega*(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i)

+(1-omega)*x(i);

end

SOR can also be derived from Gauss-Seidel

(D + L)x = −Ux+ b.

Multiplying by ω and adding on both sides the expression
(1− ω)Dx, we obtain the SOR iteration

(D + ωL)xk+1 = (−ωU + (1− ω)D)xk + ωb.

SOR is therefore based on the splitting

A = M − N with M =
1

ω
D + L and N = −U +

(
1

ω
− 1

)

D
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Optimal Choice of Relaxation

Theorem [Young 1950]: Let A have property A, i.e. there
exist diagonal matrices D1 and D2 s.t

Ã = PTAP =

[
D1 F
E D2

]

= L+ D + U.

Let GJ(Ã) be the associated Jacobi iteration matrix. If the
eigenvalues µ(GJ) are real and ρ(GJ) < 1, then the optimal
SOR parameter ω for Ã is

ωopt =
2

1 +
√

1− ρ(GJ)2
.

Example: For the discretized Laplacian, Jacobi and
Gauss-Seidel have convergence factors 1− O(h2), and
optimized SOR has a convergence factor 1− O(h).
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Convergence Results for SOR

Theorem [Kahan (1958)]: For the SOR iteration matrix

GSOR = (D + ωL)−1(−ωU + (1− ω)D)

we have
ρ(GSOR) ≥ |ω − 1|, ∀ω.

Theorem [Ostrowski-Reich]: Let A ∈ R
n×n be symmetric

and invertible, with positive diagonal elements, D > 0. Then
SOR converges for all 0 < ω < 2 if and only if A is positive
definite.
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Richardson Iteration

From the correction form of the stationary iteration

xk+1 = xk +M−1rk ,

choosing M−1 = αI , which corresponds to the splitting
M = 1

α
I and N = 1

α
I − A, leads to Richardson’s method

xk+1 = xk + α(b− Axk) = (I − αA)xk + αb.

Theorem: For A ∈ R
n×n symmetric and positive definite:

a) Richardson converges ⇐⇒ 0 < α < 2
ρ(A) .

b) Convergence is optimal for αopt =
2

λmax(A)+λmin(A)
.

c) ρ(I − αoptA) =
κ(A)−1
κ(A)+1 , κ(A) :=

λmax(A)
λmin(A)

.
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Proof of the Theorem

α

ρ(I − αA)

1
λmax

|1− αλmax|

αopt αmax
1

λmin

|1− αλmin|

1

Remark: For the Laplacian, we get the convergence factor
1− O(h2)

But is this really what Richardson proposed ???
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Richardson’s Influential Paper

Richardson (1910): The Approximate Arithmetical
Solution by Finite Differences of Physical Problems involving
Differential Equations, with an Application to the stresses in
a Masonry Dam

Contains historical section:
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A Very Rich and Well Written Paper
Focus is the numerical solution of PDEs:

Explains finite difference approximations:
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Time Stepping Methods for Evolution Problems
One of Richardson’s examples: the heat equation

ut = uxx in Ω = (−0.5, 0.5) × (0, 0.005)
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Explains Richardson extrapolation
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Solution of Laplace’s Equation



Iterative Methods

Martin J. Gander

Stationary Methods

Gauss

Jacobi

Seidel

Modern Notation

SOR

Richardson

Non-Stationary

Richardson

Conjugate Residuals

Steepest Descent

Global Strategies

Chebyshev

Semi-Iterative Method

Extrapolation

Krylov Spaces

Preconditioning

Krylov Methods

Stiefel

Conjugate Gradients

Lanczos, MINRES,
SYMMLQ, FOM,
GMRES, QMR, BiCG

Krylov

DD and Multigrid

Invention of Schwarz

Substructuring

Waveform Relaxation

Multigrid

Conclusions

Wall Clock Times of Richardson

“... adding up the series at these six points took 3 hours !”

Richardson also does clamped vibration, on a diamond
(comparison with Rayleigh’s bound, Ritz is missing!)
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Richardson’s Iterative Method

Conditions of Applicability according to Richardson:
◮ Dφ = 0, D a differential operator, together with

boundary conditions to make the problem determinate
◮ Equations must be linear
◮ Must be such that a certain positive quadratic function

is a complete minimum
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Richardson’s Analysis
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Richardson’s Minimization
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Cost per Flop According to Richardson

Experience of Richardson:

◮
n
18 pence per coordinate relaxation of ∆h (n number of
digits)

◮ quickest boys averaged 2000 relaxations of ∆h per week
with 3 digits (incorrect ones discounted)
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Real Richardson’s Method

xk+1 = xk + αk(b− Axk) ⇐⇒ rk+1 = (I − αkA)rk

Assume A symmetric and positive definite, and define for
µ ∈ R the norm

‖r‖2A−µ = rTA−µr

Using Ritz’ idea:

Q(αk) := ‖rk+1‖
2
A−µ −→ min .

Differentiating with respect to αk ,

dQ

dαk

= 2rTk+1A
−µdrk+1

dαk

= 2((I − αkA)rk)
TA−µ(−Ark) = 0

Solving for αk , we obtain

αk =
rTk A

1−µrk

rTk A
2−µrk

.

Useful choices for µ are 0 and 1
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Conjugate Residuals

For µ = 0, we obtain

αk =
rTk Ark
‖Ark‖2

,

and we are minimizing in this case locally

‖rk+1‖
2
2 = ‖Aek+1‖

2
2 = ‖ek+1‖

2
A2 −→ min .

This algorithm has the property

rTk+1Ark = rTk (I − αkA)
TArk

= rTk Ark − rTk
rT
k
Ark

‖Ark‖2
ATArk = 0

=⇒ conjugate residuals algorithm
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Steepest Descent
For µ = 1, we obtain

αk =
‖rk‖

2

rT
k
Ark

and ‖rk+1‖
2
A−1 = rTk+1A

−1rk+1 → min

We also minimize ‖ek+1‖
2
A = eTk+1Aek+1, since

Aek+1 = rk+1.
We also minimize Q(xk + αrk) as a function of α, where
Q(x) = 1

2x
TAx− bTx, since

dQ

dα
= rTAx+ αrTAr− bT r = 0,

leads to the same α.

∇Q = Ax− b = −r

=⇒ method of steepest descent

Theorem
Steepest descent converges for symmetric positive definite
problems.
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Best Tactic versus Best Strategy
Choosing αk such that

‖rk+1‖
2
A−µ −→ min

is the best tactic but maybe not the best strategy.
Residual recurrence in Richardson’s method:

rk+1 = (I − αkA)rk ,

and since rk = Aek

ek+1 = (I − αkA)ek .

Thus the error after k steps is

ek = (I − αk−1A)(I − αk−2A) · · · (I − α0A)e0 = Pk(A)e0.

Definition
The polynomial Pk , which satisfies Pk(0) = 1, is called
residual polynomial.
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Optimal Strategy
Should choose αk such that the global error is minimized!

Theorem
If αk = 1

λk
, λk eigenvalues of A, then convergence is reached

in at most n steps (Proof: Cayley-Hamilton)

Approximation: since

‖ek‖ = ‖Pk(A)e0‖ ≤ ‖Pk(A)‖‖e0‖,

can try to minimize ‖Pk(A)‖. If A is diagonalizable,
A = QΛQ−1

‖Pk(A)‖=‖QPk(Λ)Q
−1‖≤‖Q‖‖Q−1‖‖Pk(Λ)‖=κ(Q)‖Pk (Λ)‖.

For symmetric and positive definite matrices, an interval

0 < a ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ b

may be known, and hence

max
i

|Pk(λi )| ≤ max
a≤x≤b

|Pk(x)|.
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Best Approximation Problems
Chebyshev (1854): Théorie des mécanismes connus sous le
nom de parallélogrammes.

Soit f (x) une fonction donnée, U un poly-
nome du degré n avec des coefficients ar-
bitraires. Si l’on choisit ces coefficients de
manière à ce que la différence f (x) − U,
depuis x = a− h, jusque à x = a+ h, reste
dans les limites les plus rapprochées de 0,
la différence f (x)−U jouira, comme on le
sait, de cette propriété:
Parmi les valeurs les plus grandes et les plus
petites de la différence f (x) − U entre les
limites x = a− h, x = a+ h, on trouve au
moins n+2 fois la même valeur numérique.

De la Vallée Poussin (1910): Existence, Uniqueness and
Equioscillation.

min
p∈Pn

max
x∈K

|f (x) − p(x)|
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Chebyshev Polynomials
Given a degree k , we want to determine a polynomial Pk

with Pk(0) = 1 such that

max
a≤x≤b

|Pk(x)| −→ min .

Definition (Chebyshev Polynomials)

Ck(t) := cos(k arccos t), −1 ≤ t ≤ 1, k = 0, 1, . . .
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Chebyshev Semi-Iterative Method
Normalized Chebyshev polynomial is

Qk(x) =
Ck

(

−1 + 2x−a
b−a

)

Ck

(
a+b
a−b

)

and can be bounded by

1
∣
∣
∣Ck

(
a+b
a−b

)∣
∣
∣

≤ 2

∣
∣
∣
∣
∣
∣

√
b
a
− 1

√
b
a
+ 1

∣
∣
∣
∣
∣
∣

k

and we therefore get for this method

‖ek‖ ≤ 2

(√

κ(A)− 1
√

κ(A) + 1

)k

‖e0‖.

Richardson’s dream comes true in Gene Golub’s PhD-thesis
(1959): the Chebyshev Semi-Iterative Method!
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Extrapolation Methods

Claude Brezinski (1977): Accélération de la Convergence
en Analyse Numérique (Springer)
Avram Sidi and Jacob Bridger (1988): Convergence and
stability analyses for some vector extrapolation methods in
the presence of defective iteration matrices
Avram Sidi (1991): Efficient implementation of minimal
polynomial and reduced rank extrapolation methods

For Ax = b, A = M − N, we consider the iteration

Mxi+1 = Nxi + b

Idea: find γi for i = 0, 1, . . . , k , with
∑k

i=0 γi = 1 such that

yk :=

k∑

i=0

γixi

is a much better approximation than xk .
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Finding a Good Combination

xi = x+ ei =⇒

k∑

i=0

γixi

︸ ︷︷ ︸

yk

= x

k∑

i=0

γi

︸ ︷︷ ︸

1

+

k∑

i=0

γiei ,

and therefore

yk = x+

k∑

i=0

γiei .

For yk to be a good approximation, we would like to have

k∑

i=0

γiei ≈ 0,

and with the error recursion ei = M−1Nei−1 =: Gei−1,

k∑

i=0

γiG
ie0 = Pk(G )e0 ≈ 0.
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An Important Lemma

Lemma
If Pk(G )e0 = 0, then for m ≥ 0 also Pk(G )em = 0 and
Pk(G )um = 0, where um := xm+1 − xm.

Proof.
From the recurrence relation, we have

um = Gum−1, and um = (I − G )em,

and since polynomials in G commute, we obtain from
Pk(G )e0 = 0 that

0 = GmPk(G )e0 = Pk(G )Gme0 = Pk(G )em,

and similarly

0 = (I − G )Pk(G )em = Pk(G )(I − G )em = Pk(G )um.
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An Extrapolation Method

Idea: try to approximate Pk(G )u0 ≈ 0. Written with the
coefficients of Pk :

Pk(G )u0 = γ0u0+γ1 Gu0
︸︷︷︸

u1

+ · · ·+γk G
ku0

︸ ︷︷ ︸

uk

= [u0,u1, . . . ,uk ]γ.

Introducing the matrix Uk ∈ R
n×(k+1) defined by

Uk := [u0,u1, . . . ,uk ],

we would like to determine the coefficients γi in the vector
γ ∈ R

k+1 such that

Ukγ ≈ 0, subject to the constraint

k∑

i=0

γi = 1.

Solvable Optimization Problem with Constraint
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Removing the Constraint

In order to remove the constraint, we parametrize the γi by
k parameters ξi ,

γ0 = 1− ξ0, γ1 = ξ0 − ξ1, . . . , γi = ξi−1 − ξi , . . . , γk = ξk−1,

which leads to γ = Sξ + e1, ξ ∈ R
k , with the matrix

S =











−1
1 −1

1
. . .
. . . −1

1











, S ∈ R
(k+1)×k .

With this new parametrization, we obtain

Ukγ = UkSξ + Uke1 ≈ 0.
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Extrapolation Methods Continued

The matrix UkS consists of the columns

UkS = [−u0 + u1,−u1 + u2, . . . ,−uk−1 + uk ].

We set wj = uj+1 − uj and define

Wk := [w0, . . . ,wk ] ∈ R
n×(k+1).

and thus obtain
Wk−1ξ ≈ −u0,

yk = Xkγ = XkSξ + Xke1 = Uk−1ξ + x0

Solvable optimization problem without constraint
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Krylov Spaces

Definition (Krylov Space)

Let A ∈ R
n×n and r ∈ R

n. The associated Krylov space of
dimension k is

Kk(A, r) = span{r,Ar,A2r, . . . ,Ak−1r}.

Since yk = x0 + Uk−1ξ, it follows that

yk − x0 = [u0,u1, . . . ,uk−1]ξ = [u0,Gu0, . . . ,G
k−1u0]ξ,

and therefore this difference lies in a Krylov space,

yk − x0 ∈ Kk(G ,u0).

If we choose x0 = 0, we have x1 = Gx0 + d = d, and thus
u0 = x1 − x0 = d, which implies

yk ∈ Kk(G ,d) = Kk(M
−1N,M−1b) = Kk(M

−1A,M−1b).
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Minimal Polynomial Extrapolation (MPE)

In order to solve approximately

Ukγ ≈ 0 s.t.

k∑

j=0

γj = 1,

MPE fixes the last coefficient to 1 an solves

Uk−1c ≈ −uk

using least squares (γ are c normalized).

Theorem (MPE ⇐⇒ FOM)

With γ from MPE, the preconditioned residual

rk = d− (I − G )yk = M−1(b− Ayk)

satisfies rk ⊥ Kk(G ,u0), and MPE is equivalent to FOM
applied to the preconditioned system M−1Ax = M−1b.
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Topological ε-Algorithm (TEA)
In order to solve approximately

Ukγ ≈ 0 s.t.

k∑

j=0

γj = 1.

one can also use a Galerkin approach. Let
Qk−1 = [q,GTq, . . . , (GT )k−1q] ∈ R

n×k and solve

QT
k−1Ukγ = 0,

k∑

j=0

γj = 1.

Theorem (Equivalence of TEA and NSL)

With A = M − N, for any given starting vector v0, applying
non-symmetric Lanczos (NSL) to the preconditioned system
M−1Av = M−1b, or applying TEA to the stationary iterative
method Mvk+1 = Nvk + b with q := r0 = M−1b−M−1Av0
leads to identical iterates.
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Preconditioning Arrives Naturally
Every stationary iteration (like multigrid, domain
decomposition, etc.) can be written in the form of a
stationary iterative method

Mxk+1 = Nxk + b ⇐⇒ xk+1 = xk +M−1(b− Axk)

and can therefore serve as a preconditioner for a Krylov
method.

For example the restricted additive Schwarz method:

xk+1 = xk +

I∑

i=1

R̃T
i A−1

i Ri(b− Axk)

The matrix M is called a preconditioner, and the converged
solution satisfies the preconditioned system

M−1Ax = M−1b
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Krylov Methods Were not Invented Like This

Stiefel and Rosser 1951: Presentations
at a Symposium at the National Bureau
of Standards (UCLA)

Hestenes 1951: Iterative methods for
solving linear equations

Stiefel 1952: Über einige Methoden der
Relaxationsrechnung

Hestenes and Stiefel 1952: Methods
of Conjugate Gradients for Solving Linear
Systems

“An iterative algorithm is given for solv-
ing a system Ax = k of n linear equations
in n unknowns. The solution is given in
n steps.”
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General Idea of Relaxation (following Stiefel)
If A is symmetric and positive definite, we have

Ax = b ⇐⇒ F (x) :=
1

2
xTAx− bTx −→ min

To solve the minimization problem, a natural relaxation
procedure is

xn+1 = xn + αpn

where pn is a search direction and α is the distance to go
along this direction.
Example: The Jacobi method

xn+1 = xn + D−1(b− Axn)

for the five point finite difference Laplacian uses

pn := (b− Axn) α =
1

4
.
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Is the Jacobi Choice a Good One ?
The direction of Jacobi is p = (b− Axn) = −F ′(xn), and
thus Jacobi goes into the direction of fastest decrease of F
at xn:

pn

F ′(xn)

xn

Hence the direction is a good choice, but the distance α = 1
4

might not be good.
“Ritzscher Gedanke (Stiefel)”: Use α to minimize F along
the direction p, hence α = αn:

=⇒ Method of Steepest Descent.
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Problems of Steepest Descent: Cage Syndrome
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Stiefel 1952: “Das Auftreten von Käfigen ist eine allgemeine

Erscheinung bei Relaxationsverfahren und sehr unerwünscht. Es

bewirkt, dass eine Relaxation am Anfang flott vorwärts geht, aber

dann immer weniger ausgiebig wird...”
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General Cage Syndrome for Relaxation Methods
“... Es ist leicht festzustellen, wann man bei diesem

Einzelschrittverfahren [Jacobi] des Dirichlet Problems in einem

Käfig sitzt: Dies ist dann der Fall, wenn die Residuen in den

inneren Punkten alle dieselben Vorzeichen haben.”
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”... so dass der positive
Residualberg mit den Löffel
statt mit einer Baggermas-
chine abgetragen wird !”
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Remedies Proposed By Stiefel

◮ Block relaxation: simultaneous relaxation of several
equations by the same averaged amount.

◮ “Scheibenrelaxation”:

1. either choosing search directions related to
eigenfunctions on subdomains.

2. or solving directly small subproblems for low modes by
relaxation.

“Es ist zweckmässig, für einen gegebenen Operator eine
Sammlung von Scheiben anzulegen.”

These are precursors of multigrid methods and/or
domain decomposition.

◮ Conjugate search directions: in that case, one can
eliminate completely error components in the direction
of each p, independent of the other directions.

◮ “Das n-Schritt Verfahren”: the method of conjugate
gradients, (CG).
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Problems of Steepest Descent

Examples of good and bad convergence of steepest descent
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Idea: Try to use each search direction only once!

p1

p1 p2

p2

x1

x2 ≡ x

x0
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A Direct Method
Given N orthogonal search directions pn how far do we have
to go in

xn+1 = xn + αnpn

in order to never have to go again into this direction ?
Until the search direction is orthogonal to the direction
where the solution lies,

pTn en+1 = 0.

This determines the parameter αn:

pTn en+1 = pTn (x− xn+1)

= pTn (x− (xn + αnpn))

= pTn en − αnp
T
n pn = 0

and thus

αn =
pTn en
pTn pn

This algorithm finds the solution in at most N steps.
BUT. . .
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Conjugate Search Directions
We do not know en! But we know Aen:

Aen = Ax− Axn = b− Axn = rn

Hence if we have a set of A-orthogonal (conjugate) search
directions pn, the algorithm

xn+1 = xn + αnpn

can use the A inner product to determine αn:

0 = pTn Aen+1 = pTn A(x− xn+1) = pTn A(x− (xn + αnpn))

= pTn A(x− xn − αnpn) = pTn Aen − αnp
T
n Apn

= pTn rn − αnp
T
n Apn

Hence with

αn =
pTn rn
pnApn

we obtain the solution in at most N computable steps!



Iterative Methods

Martin J. Gander

Stationary Methods

Gauss

Jacobi

Seidel

Modern Notation

SOR

Richardson

Non-Stationary

Richardson

Conjugate Residuals

Steepest Descent

Global Strategies

Chebyshev

Semi-Iterative Method

Extrapolation

Krylov Spaces

Preconditioning

Krylov Methods

Stiefel

Conjugate Gradients

Lanczos, MINRES,
SYMMLQ, FOM,
GMRES, QMR, BiCG

Krylov

DD and Multigrid

Invention of Schwarz

Substructuring

Waveform Relaxation

Multigrid

Conclusions

Conjugate Gradient Algorithm

Suppose we have linearly independent vectors r0, . . . , rk ,

Rn := span{r0, . . . , rn},

and an A orthogonal basis for Rn given by search directions
p0, . . . ,pn,

Pn := span{p0, . . . ,pn} (Rn ≡ Pn).

Using pj in the algorithm of conjugate search directions, we
have

pTj Aen+1 = 0 ∀j ≤ n.

But this implies

pTj Aen+1 = pTj A(x− xn+1) = pTj (b− Axn+1) = pTj rn+1 = 0

and hence the new residual rn+1 is orthogonal to all search
directions used so far.
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Conjugate Gradient Algorithm Continued

Since pTj rn+1 = 0, the new residual is also orthogonal to
Pn ≡ Rn, and thus

rTj rn+1 = 0 ∀j ≤ n.

On the other hand,

rn+1 = b− Axn+1 = b− Axn − αnApn = rn − αnApn

which shows that rn+1 is a linear combination of rn and Apn.
Since pn is in Pn ≡ Rn, the new residual is in Rn ∪ ARn and
thus

Rn+1 = Rn ∪ ARn

By induction, we have

Rn(≡ Pn) = span{r0,Ar0,A
2r0, . . . ,A

nr0}

a Krylov space!
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Conjugate Gradient Algorithm

Since rn+1 is orthogonal to Rn ≡ Pn, and
Pn = Pn−1 ∪ APn−1, rn+1 is A-orthogonal to Pn−1.
Therefore, to obtain a new search direction pn+1, it suffices
to take rn+1 and make it A-orthogonal to pn, i.e.

pn+1 := rn+1 −
rTn+1Apn
pTn Apn

pn

Conjugate gradient algorithm:

guess x;

r=b-A*x; p=r;

for n=1:N,

al=p’*r/(p’*A*p); % remove error in direction p

x=x+al*p;

r=b-A*x;

p=r-r’*A*p/(p’*A*p)*p; % determine new direction p

end;
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Minimization Property of Conjugate Gradients
CG finds in Rn = span{r0,Ar0, . . . ,A

nr0}+ x0 the best
approximation to the solution in the A-norm, i.e.

xn+1 =
n∑

j=0

βjA
j r0 + x0

such that en+1 is A orthogonal to Rn, e
T
n+1Ay = 0, ∀y ∈ Rn.

But this implies that

xn+1 = p̃n(A)(b− Ax0) + x0 = p̃n(A)A(x− x0) + x0

and by subtracting both sides from x, we find

x− xn+1 = −p̃n(A)A(x− x0) + x− x0

= (−p̃n(A)A+ I )(x − x0) = pn+1(A)(x− x0)

and hence en+1 = p(A)n+1e0, where the residual polynomial
satisfies pn+1(0) = 1. Hence CG finds the residual
polynomial pn(A) such that the error en is minimized in the
A-norm.
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Lanczos 1950, 1952

“This seems to be a very elementary problem without deeper
meaning. However, one meets this task again and again in
the electric industry and in all kinds of oscillation problems.
A short while ago, I found a rather elegant solution. The
reason why I am strongly drawn to such approximation
mathematics problems is not the practical applicability of the
solution, but rather the fact that a very economical solution
is possible only when it is very adequate. To obtain a
solution in very few steps means nearly always that one has
found a way that does justice to the inner nature of the
problem.” (Cornelius Lanczos in a letter to Albert Einstein on

March 9, 1947)

“Your remark on the importance of adapted approximation
methods makes very good sense to me, and I am convinced
that this is a fruitful mathematical aspect, and not just a
utilitarian one.” (Einsteins reply to Lanczos on March 18, 1947)
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MIRES and SYMMLQ 1975

Two Krylov methods for symmetric indefinite problems:

◮ SYMMLQ: algorithm like CG, based on the Lanczos
process and the LQ factorization

◮ MINRES: minimizes the residual

Both based on short term recurrences
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FOM and GMRES 1986

Two Krylov methods for general matrices:

◮ FOM: algorithm computing approximations by making
the new residual orthogonal to the current Krylov space

◮ GMRES: generalized minimum residual method, based
on Arnoldi, mathematically equivalent to GCR (PhD of
Elman 1982), ORTHOMIN (Vinsome 1976),
ORTHODIR (Jea and Young 1980)

Both based on long term recurrences
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Bi-CGSTAB 1992

◮ Based on earlier work on Bi-CG by Fletcher 1976, and
CG-S and IDR by Sonneveld 1989

◮ Contructs two sequences in Krylov spaces from A and
AT

Uses only short term recurrences
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The Name Krylov Space ?
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Topic is Second Order ODEs

Krylov explains a method to solve the system of ODEs

In order to find the analytical solution, one needs to obtain
the eigenvalues λ of the matrix of the system.
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Computing Eigenvalues
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Powers of Matrices
Krylov now explains the method of Leverrier
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Powers of Matrices
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Using Newton’s Formulas

Krylov arrives at the general characteristic polynomial

using the si and the well known Newton formulas

The origin of Krylov methods is not immediate!



Iterative Methods

Martin J. Gander

Stationary Methods

Gauss

Jacobi

Seidel

Modern Notation

SOR

Richardson

Non-Stationary

Richardson

Conjugate Residuals

Steepest Descent

Global Strategies

Chebyshev

Semi-Iterative Method

Extrapolation

Krylov Spaces

Preconditioning

Krylov Methods

Stiefel

Conjugate Gradients

Lanczos, MINRES,
SYMMLQ, FOM,
GMRES, QMR, BiCG

Krylov

DD and Multigrid

Invention of Schwarz

Substructuring

Waveform Relaxation

Multigrid

Conclusions

Origin of Schwarz Methods
Riemann Mapping Theorem: “Zwei gegebene einfach

zusammenhängende Flächen können stets so aufeinander bezogen

werden, dass jedem Punkte der einen ein mit ihm stetig

fortrückender Punkt entspricht...;”

(drawing M. Gutknecht 18.12.1975)

Proof: Riemann uses existence of harmonic functions
(Dirichlet principle)
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International Challenge

Find harmonic functions ∆u = 0 on any domain Ω with
prescribed boundary conditions u = g for (x , y) ∈ ∂Ω.

◮ Solution easy for circular domain (Poisson 1815):

u(r , φ) =
1

2π

∫ 2π

0

1− r2

1− 2r cos(φ− ψ) + r2
f (ψ) dψ

◮ Solution also easy for rectangular domains (Fourier
1807): Fourier series

But existence of solutions of Laplace equation on
arbitrary domains appears hopeless !
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Proof without Dirichlet Principle

H.A. Schwarz (1870, Crelle 74, 1872) Über einen
Grenzübergang durch alternierendes Verfahren

“Die unter dem Namen Dirich-
letsches Princip bekannte Schluss-
weise, welche in gewissem Sinne
als das Fundament des von Rie-
mann entwickelten Zweiges der
Theorie der analytischen Functio-
nen angesehen werden muss, un-
terliegt, wie jetzt wohl allgemein
zugestanden wird, hinsichtlich der
Strenge sehr begründeten Einwen-
dungen, deren vollständige Entfer-
nung meines Wissens den Anstren-
gungen der Mathematiker bisher
nicht gelungen ist”.
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:

Ω1 Ω2Γ1Γ2

∂Ω
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:
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Ω1 Ω2Γ1

∂Ω

∆u11 = 0 in Ω1

u11 = g on ∂Ω ∩ Ω1

u11 = u02 on Γ1

solve on the disk u02 = 0
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:
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Ω1 Ω2Γ2

∂Ω

∆u12 = 0 in Ω2

u12 = g on ∂Ω ∩ Ω2

u12 = u11 on Γ2

solve on the rectangle
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:
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Ω1 Ω2Γ1

∂Ω

∆u21 = 0 in Ω1

u21 = g on ∂Ω ∩ Ω1

u21 = u12 on Γ1

solve on the disk
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:
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Ω1 Ω2Γ2

∂Ω

∆u22 = 0 in Ω2

u22 = g on ∂Ω ∩ Ω2

u22 = u21 on Γ2

solve on the rectangle
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:

Ω1 Ω2Γ1Γ2

∂Ω

∆un1 = 0 in Ω1 ∆un2 = 0 in Ω2

un1 = g on ∂Ω ∩Ω1 un2 = g on ∂Ω ∩ Ω2

un1 = un−1
2 on Γ1 un2 = un1 on Γ2

solve on the disk solve on the rectangle
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Classical Alternating Schwarz Method

Schwarz invents a method to proof that the infimum is
attained: for a general domain Ω := Ω1 ∪Ω2:

Ω1 Ω2Γ1Γ2

∂Ω

∆un1 = 0 in Ω1 ∆un2 = 0 in Ω2

un1 = g on ∂Ω ∩Ω1 un2 = g on ∂Ω ∩ Ω2

un1 = un−1
2 on Γ1 un2 = un1 on Γ2

solve on the disk solve on the rectangle

◮ Schwarz proved convergence in 1869 using the
maximum principle.
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Example: Heating a Room
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Substructuring

Invented in the engineering community for the finite element
design of aircraft (Boeing)

Przemieniecki 1963: Matrix
structural analysis of substruc-
tures

The necessity for dividing a
structure into substructures
arises either from the require-
ment that different types of
analysis have to be used on dif-
ferent components, or because
the capacity of the digital
computer is not adequate to
cope with the analysis of the
complete structure.
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Idea of Przemieniecki

Przemieniecki 1963: In the present method each substructure
is first analyzed separately, assuming that all common boundaries
with adjacent substructures are completely fixed: these boundaries
are then relaxed simultaneously and the actual boundary
displacements are determined from the equations of equilibrium of
forces at the boundary joints. The substructures are then analyzed
separately again under the action of specified external loading and
the previously determined boundary displacements.
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Historical Example of Przemieniecki
Let P be the exterior forces, K the stiffness matrix, and U
the displacement vector satisfying

KU = P .

Partition U into Ui interior in each substructure, and Ub on
the interfaces between substructures:

K

[
Ub

Ui

]

:=

[
Kbb Kbi

Kib Kii

] [
Ub

Ui

]

=

[
Pb

Pi

]

.

Physical motivation of Przemieniecki:

P = P(α) + P(β) =

[

P
(α)
b

Pi

]

+

[

P
(β)
b

0

]

,

U = U(α) + U(β) =

[

0

U
(α)
i

]

+

[

Ub

U
(β)
i

]

.
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Two Physically Relevant Systems
By linearity, Przemieniecki obtains two systems

(α) :

[
Kbb Kbi

Kib Kii

][

0

U
(α)
i

]

=

[

P
(α)
b

Pi

]

(β) :

[
Kbb Kbi

Kib Kii

][

Ub

U
(β)
i

]

=

[

P
(β)
b

0

]

,

Rewriting the first one leads to

(α) :

{

KbiU
(α)
i = P

(α)
b
,

KiiU
(α)
i = Pi ,

Knowing the forces Pi in each substructure, (α) permits to
compute the interior displacements keeping interfaces fixed:

U
(α)
i = K−1

ii Pi .

This uncovers the unknown splitting of the interface forces

P
(α)
b = KbiK

−1
ii Pi ,
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Toward the Schur Complement System
Hence the remaining forces acting on the interfaces are

P
(β)
b

:= Pb − P
(α)
b

= Pb − KbiK
−1
ii Pi ,

One can now solve the system

(β) :

{

KbbUb + KbiU
(β)
i = P

(β)
b ,

KibUb + KiiU
(β)
i = 0,

which represents the response of the structures to the

interface loading P
(β)
b . The second equation gives the

internal displacement U
(β)
i based on the boundary

displacement Ub,

U
(β)
i = −K−1

ii KibUb,

and inserting this into the first equation, Przemieniecki
obtains the interface system

(Kbb − KbiK
−1
ii Kib)Ub = Pb − KbiK

−1
ii Pi ,
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Primal Schur Method

This gives the complete interface displacement

Ub = (Kbb − KbiK
−1
ii Kib)

−1(Pb − KbiK
−1
ii Pi ),

and interior displacements are obtained by summing U
(β)
i

and U
(α)
i (or solving KibUb + KiiUi = Pi for Ui).

Procedure of Przemieniecki:

1. Invert the block diagonal matrix Kii

2. Invert the smaller matrix S = Kbb − KbiK
−1
ii Kib

The matrix S is called Schur complement matrix after Emilie
Virginia Haynsworth (On the Schur complement 1968,
Basel) after a determinant lemma of Issai Schur.

Remark: The name Schur method is more precise than
substructuring, since any method can be substructured, also
Schwarz methods.
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Waveform Relaxation

Émile Picard (1893): Sur l’application des méthodes
d’approximations successives à l’étude de certaines équations
différentielles ordinaires

Les méthodes d’approximation
dont nous faisons usage sont
théoriquement susceptibles de
s’appliquer à toute équation,
mais elles ne deviennent vrai-
ment intéressantes pour l’étude
des propriétés des fonctions
définies par les équations
différentielles que si l’on ne
reste pas dans les généralités
et si l’on envisage certaines
classes d’équations.
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The Method of ...
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... Successive Approximations
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Detailed Historical Convergence Analysis
Ernest Lindelöf (1894): Sur l’application des méthodes
d’approximations successives à l’étude des intégrales réelles
des équations différentielles ordinaires

La présente étude a pour but de donner
une exposition succincte de la méthode
d’approximations successives de M. Picard
en tant qu’elle s’applique aux équations
différentielles ordinaires.

Theorem (Superlinear Convergence (Lindelöf 1894))

On bounded time intervals t ∈ [0,T ], the iterates satisfy the
superlinear error bound

||v − vn|| ≤
(CT )n

n!
||v − v0||,

where C is a positive constant.
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Classical Waveform Relaxation

Lelarasmee, Ruehli and Sangiovanni-Vincentelli (1982):
The Waveform Relaxation Method for Time-Domain
Analysis of Large Scale Integrated Circuits.

“The spectacular growth in the scale of integrated circuits
being designed in the VLSI era has generated the need for
new methods of circuit simulation. “Standard” circuit
simulators, such as SPICE and ASTAP, simply take too much
CPU time and too much storage to analyze a VLSI circuit”.

Nevanlinna and Odeh (1987): Remarks on the
Convergence of Waveform Relaxation Methods.

“Recently an approach called waveform relaxation methods
(WR) has captured considerable attention in solving certain
classes of large scale digital circuit equations.”
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A Historical Example
Example: a MOS ring oscillator (Lelarasmee et al 1982):

2

+5 +5 +5

v v v

u

1 3

The equations for such a circuit can be written in form of a
system of ordinary differential equations

∂v
∂t

= f (v), 0 < t < T
v(0) = g
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Waveform Relaxation Decomposition
+5 +5 +5

u

v n+1
1 v2

n+1 v3
n+1

nv2 v1
n nv3

nv2 v1
nv3

n

Iteration using subcircuit solutions only:

∂tv
n+1
1 = f1(v

n+1
1 , vn2 , v

n
3 )

∂tv
n+1
2 = f2(v

n
1 , v

n+1
2 , vn3 )

∂tv
n+1
3 = f3(v

n
1 , v

n
2 , v

n+1
3 )

Signals along cables are called ’waveforms’, which gave the
algorithm its name Waveform Relaxation.
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Historical Numerical Convergence Study

“Note that since the oscillator is highly nonunidirectional due to

the feedback from v3 to the NOR gate, the convergence of the

iterated solutions is achieved with the number of iterations being

proportional to the number of oscillating cycles of interest”
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The Birth of Multigrid

Federenko (1961): A Relaxation Method for Solving
Elliptic Difference Equations

The familiar iterative process [of Jacobi] is very slowly
convergent. We shall try to use some special features of the
convergence in order to speed it up...

We shall speak of the eigenfunctions as “good” and “bad”;
the good ones include those that are smooth on the net and
have few changes of sign in the domain; the bad ones often
change sign and oscillate rapidly...

After a fairly small number of iterations, the error will consist
of “good” eigenfunctions [...] We shall use the following
method to annihilate the “good” components of the error.
We introduce into the domain an auxiliary net, the step of
which is q times greater than the step of the original net.
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The Invention of Multigrid

Nicolaides 1975: On Multiple Grid and Related Techniques
for Solving Discrete Elliptic Systems

Methods of multiple grid type: the general principle
underlying this type of method was understood by pencil and
paper relaxation users, and the method used by them and
based on this principle was called “block relaxation.”

For second-order elliptic equations in the plane [...] to
reduce the error by a factor of 10−p requires an amount of
work proportional to the number of gridpoints n and p.

It must be said here that the implementation of a multiple
grid method involves a high strategic component [...]
programming a multiple grid method is a rather complex
operation.
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Hackbusch and Brandt

Two major competitors in the development of multigrid
methods:

Brandt 1972: Multi-Level Adaptive Technique (MLAT) for
Fast Numerical Solution to Boundary Value Problems

“The only disadvantage seems to be the complex
programming involved”

Hackbusch 1976: A fast iterative method for solving
Poisson’s equation in a general region

“The basic idea – using auxiliary systems of difference
equations corresponding to coarser grids – has been
developed independently by the author, but it was already
described by R. P. Federenko in 1961. Since then this idea
has only been revived by N. S. Bakhvalov and A. Brandt.”
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Hackbusch and Brandt cont.

Brandt 1977: Multi-Level Adaptive Solutions to
Boundary-Value Problems

“Multi-grid algorithms are not difficult to program, if the
various grids are suitably organized.”

“As soon as the residuals are smoothed out, convergence
slows down. This is then exactly the point where relaxation
sweeps should be discontinued and approximate solution of
the (smoothed out) residual equations by coarser grids
should be employed.”.

“The basic tool is local mode (Fourier) analysis, applied to
the locally linearized-frozen difference equations, ignoring
boundaries.”
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Conclusions

◮ Historical stationary iterative methods:
◮ Jacobi
◮ Gauss-Seidel
◮ SOR

◮ Non-Stationary iterative methods:
◮ Richardson
◮ Chebyshev Semi-iterative method
◮ Conjugate Gradients
◮ Krylov methods in general (MINRES, SYMLQ, GMRES,

FOM, QMR, BiCGStab, . . . )

◮ Preconditioning:
◮ Comes very naturally from stationary iterative methods

(Diagonal (Jacobi), Multigrid, Domain Decomposition,
. . . )

Always use Krylov acceleration!
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