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Overview	  

•  Origin	  of	  the	  Poisson	  equa-on	  for	  pressure	  

•  Resolu-on	  methods	  for	  the	  Poisson	  equa-on	  

•  Applica-on	  to	  the	  code	  SUNFLUIDH	  (Y.	  Fraigneau,	  
LIMSI)	  
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Conserva-on	  Equa-ons	  for	  Fluid	  
Mechanics	  

•  Mass	  

•  Momentum	  

•  Energy	  	  

€ 

∂ρ
∂t

+∇.(ρu) = 0

∂(ρu)
∂t

+∇.(ρuu) = −∇p +∇.τ + ρ f

∂(ρe)
∂t

+∇.(ρeu) = −∇( pu) +∇.(τ .u) + ρ f .u −∇..˙ q + r

Density	  ρ	  	  

Velocity	  u	  
Total	  
energy	  e	  

Pressure	  p	  

Stress	  tensor	  
Newtonian	  fluid	  

€ 

τ = µ[1
2
(∇u +∇uT ) − (∇.u)I)

+	  	  equa-ons	  of	  state	  to	  close	  the	  problem	  
€ 

˙ q = −k∇T
Heat	  flux	  
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What	  is	  an	  incompressible	  flow?	  

€ 

∂ρ
∂t

+∇.(ρu) = 0

dρ
dt

=
∂ρ
∂t

+ u.∇ρ = 0

⎫ 

⎬ 
⎪ 

⎭ 
⎪ 

⇒∇.u = 0
Mass	  conserva-on	  

Incompressibility	  
Characterizes	  flow	  
(not	  fluid)	  

When	  can	  the	  flow	  be	  assumed	  to	  be	  incompressible?	  

Incompressibility:	  The	  density	  of	  a	  fluid	  par-cle	  does	  not	  change	  over	  -me	  

	  The	  rate	  of	  change	  of	  the	  	  density	  of	  a	  fluid	  par-cle	  is	  very	  small	  compared	  to	  
the	  inverse	  of	  the	  other	  -me	  scales	  of	  the	  flow	  

€ 

u
l

<<
1

τ a cos tic

u
c
⎛ 

⎝ 
⎜ 
⎞ 

⎠ 
⎟ 
2

<<1

Acous-c	  -me	  scale	  small	  

	  Mach	  number	  small	  
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The	  incompressible	  flow	  

•  Assuming	  constant-‐density,	  Newtonian	  fluid	  

€ 

∇.u = 0
∂u
∂t

+∇.(uu) = −∇p + Δu + ρ f

• 	  Equa-ons	  for	  u	  are	  ellip-c	  in	  space:	  boundary	  condi-ons	  
need	  to	  be	  known	  over	  en-re	  physical	  boundary.	  

• 	  Pressure	  has	  no	  thermodynamic	  significance.	  	  It	  is	  directly	  
related	  to	  the	  zero	  divergence	  constraint.	  There	  is	  no	  
boundary	  condi-ons	  for	  pressure	  (in	  general).	  
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How	  do	  we	  solve	  for	  pressure?	  

•  Take	  divergence	  of	  equa-on	  

•  !Ellip-c	  equa-on	  requires	  boundary	  condi-ons	  

•  !	  Pressure	  is	  defined	  in	  a	  “smaller”	  space	  than	  
velocity	  (dual	  of	  velocity	  divergence):	  !spurious	  
pressure	  modes	  in	  kernel	  of	  discrete	  gradient!	  

€ 

∂u
∂t

+ u.∇.u = −∇p + Δu + f

⇒∇.( f − u.∇.u) = Δp (∇.u = 0)
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The	  direct	  approach	  (Uzawa)	  

All	  operators	  are	  discre-zed	  (including	  boundary	  condi-ons)	  

	  In	  some	  cases,	  the	  discre-zed	  Poisson	  operator	  can	  be	  
inverted,	  leading	  to	  a	  simultaneous	  update	  of	  the	  velocity	  and	  
the	  pressure	  field.	  

	  	  	  	  	  Spectral	  or	  finite-‐element	  approach,	  mostly	  used	  in	  2D.	  

€ 

Hu+∇p = S
∇.u = 0

⎫ 
⎬ 
⎭ 
⇒

€ 

u = H −1(S −∇p)
∇.H −1∇p =∇.H −1S

⎫ 
⎬ 
⎭ 
⇒

€ 

p = (∇.H −1∇)−1(∇.H −1S)
u = H −1(S −∇p)

⎫ 
⎬ 
⎭ 

Uzawa	  operator	  
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The	  projec-on	  method	  (I)	  

•  Separate	  (frac-onal)	  	  updates	  of	  velocity	  and	  pressure	  

€ 

∇.u = 0
∂u
∂t

+∇p − Δu = f

ubc = γ

€ 

(1+ε ) ˜ u n +1 − 2εun − (1−ε)un−1

Δt
+ λ1∇pn − Δ(θun +1 + (1−θ )un ) = θ f n +1 + (1−θ) f

n

˜ u n +1 = γ

€ 

(1+ε ) un +1 − ˜ u n +1

2Δt
+ λ2∇pn +1 + λ3∇pn = 0

∇.un +1 = 0
ubc

n +1.n = γ n ⇒∇pbc
n +1 = 0

1st	  step:	  predic-on	  

2nd	  	  step:	  projec-on	  or	  pressure	  correc-on	  

Original	  equa-ons	  

Neuman	  boundary	  condi-ons	  for	  pressure	  
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The	  projec-on	  method	  (II)	  

•  Combined	  expression	  

€ 

(1+ε )un+1 − 2εun − (1−ε)un−1

Δt
+ λ2∇p

n+1 + (λ1 + λ3)∇p
n

−
2θΔt
1+ε

Δ(λ2∇p
n+1 + λ3∇p

n ) − Δ(θun+1 + (1−θ )un ) = θ f n+1 + (1−θ) f
n

€ 

λ1 + λ2 + λ3 =1
ε
2

= θ =1− (λ1 + λ3)

θ
1+ε

(λ2 + λ3) = 0

€ 

O(Δt)

O(Δt 2)
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Domain	  decomposi-on	  

•  Schur	  complement:	  X=(u,p)	  
€ 

∇.u = 0
∂u
∂t

+∇p − Δu = f

ubc = γ

⎫ 

⎬ 
⎪ ⎪ 

⎭ 
⎪ 
⎪ 

=

€ 

∇.u1 = 0
∂u1

∂t
+∇p1 − Δu1 = f

u1bc = γ

⎫ 

⎬ 

⎪ 
⎪ 

⎭ 

⎪ 
⎪ 

+

€ 

∇.u2 = 0
∂u2

∂t
+∇p2 − Δu2 = f

u2bc = γ

⎫ 

⎬ 

⎪ 
⎪ 

⎭ 

⎪ 
⎪ 

+

€ 

uΓ
1 = uΓ

2

∂uΓ
1

∂n
− p1n =

∂uΓ
2

∂n
− p2n

⎫ 

⎬ 
⎪ 

⎭ 
⎪ 

Γ	  

1	   2	  

10	  € 

A11X1 + A1ΓXΓ = S1
A22X2 + A2ΓXΓ = S2
AΓ1X1 + AΓ2X2 + AΓΓXΓ = SΓ

⎫ 

⎬ 
⎪ 

⎭ 
⎪ 
⇔

X1 = A11
−1 (S1 − A1ΓXΓ)

X2 = A22
−1 (S2 − A2ΓXΓ)

(AΓΓ − AΓ1A11
−1A1Γ − AΓ2A22

−1A2Γ )XΓ = SΓ − AΓ1A11
−1S1 − AΓ2A22

−1S2

⎫ 

⎬ 
⎪ ⎪ 

⎭ 
⎪ 
⎪ 

Fic--ous	  cell	  

Interface	  Γ	  
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Resolu-on	  of	  Navier-‐Stokes	  equa-ons	  in	  
SUNFLUIDH	  

•  Incompressible	  flow	  (constant-‐property	  fluid,	  ν=1)	  

•  Second-‐order	  accurate	  temporal	  discre-za-on	  !	  BDF2	  

• 	  	  	  Spa-al	  Discre-za-on	  
• Finite-‐volume	  approach	  

• Second-‐order	  centered	  scheme	  

• 	  	  	  Viscous	  terms	  treated	  implicitly	  for	  stability	  reasons	  



12 

Applica-on	  of	  the	  predic-on-‐projec-on	  
method	  

•  Incompressible,	  constant-‐property	  ,	  fluid	  

  

€ 

∂
! 

V 
∂t

+∇.(t ! V ⊗
! 

V ) = −∇P +∇2 ! V 

∇.
! 

V = 0

•  Incremental	  predic6on	  –projec6on	  method	  

Predic6on	  :	  Resolu6on	  N-‐S	  eqs	  

Projec6on	  :	  Resolu6on	  	  Poisson	  

	  	  	  	  	  	  Update	  V	  et	  P	   € 

3Vi
* − 4Vi

n +Vi
n−1

2Δt
+
∂.(Vi

n .V j
n )

∂x j

= −∇Pn +∇2Vi
*

  

€ 

∇2φ =
∇.
! 
V *

Δt

  

€ 

Pn +1 = Pn +
3
2
φ +∇.

! 
V *

! 
V n +1 =

! 
V * − Δt∇φ
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Staggered	  mesh	  (MAC	  scheme)	  

•  Structured	  staggered	  meshes	  with	  a	  Cartesian	  topology	  
–  Center	  of	  cells	  l	  (i,j)	  :	  	  defini-on	  of	  scalar(P,φ,	  T)	  

–  Staggered	  meshes	  (i+1/2,j)	  et	  (i,j+1/2)	  en	  2D:	  defini-on	  of	  the	  velocity	  compoments	  

•  Consistence	  in	  the	  defini-on	  of	  the	  different	  discrete	  (2nd-‐order)	  	  operators	  
!  div(grad)	  =	  laplacian	  
•  Discre-za-on	  of	  the	  Poisson	  equa-on:	  	  

•  Avoid	  genera-on	  of	  spurious	  pressure	  modes	  

•  Div(V)	  =	  0	  is	  enfocred	  without	  roundoff	  error	  
•  Need	  to	  define	  operators	  in	  the	  center	  and	  on	  the	  faces	  of	  the	  cells	  

•  Discre-za-on	  of	  operators	  depends	  on	  the	  variable	  (irregular	  mesh)	  

Define	  metric:	  

P,	  φ(i,j)	
 u(i+1/2,j)	  

v(i,j+1/2)	  
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Computa-onal	  Domain	  

•  Computa6on	  Domain	  defined	  with	  respect	  to	  main	  cartesian	  mesh	  (i,j)	  
–  Fluid	  Domain	  

–  Fic--ous	  cells	  around	  the	  fluid	  domain	  
•  Handling	  boundary	  condi-ons	  on	  the	  fron-er	  of	  the	  domain	  

–  Defini-on	  of	  a	  phase	  func-on	  
•  Localiza-on	  of	  the	  immersed	  boundary	  (masks	  on	  mesh)	  

•  Defini-on	  of	  the	  boundary	  condi-ons	  for	  the	  simula-on	  

fluid	  

inlet	  

outlet	  

	  boundary	  
(walls)	  
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Predic-on	  step	  (I)	  

•  Resolu-on	  	  of	  Navier-‐Stokes	  equa-ons!	  V*	  velocity	  field	  at	  	  tn+1	  
–  Second-‐order	  -me	  and	  space	  discre-za-on	  of	  equa-ons	  
–  Viscous	  terms	  treated	  implicity	  (stability	  wrt	  -me	  step)	  

€ 

3Vi
* − 4Vi

n +Vi
n−1

2.Δt
+ 2

∂.(Vi
n .V j

n )
∂x j

−
∂.(Vi

n−1.V j
n−1)

∂x j

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ = −∇P

n +∇2Vi
*

€ 

(Ι− 2Δt
3
∇2)(Vi

* −Vi
n ) = S!Helmholtz	  Equa-ons	  

-  Resolu-on	  using	  ADI	  (Alterna-ng	  Direc-on	  Implicit	  method)	  

System	  3D	  !	  3	  tridiagonal	  1-‐D	  systems	  (direct	  resolu6on	  using	  Thomas	  
algorithm)	  

€ 

(Ι− 2Δt
3
∇2) ≈ (Ι− 2Δt

3
∇x

2)(Ι− 2Δt
3
∇y

2)(Ι− 2Δt
3
∇z

2) +O Δt 2( )
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Predic-on	  step	  (II)	  

• Approxima-on	  of	  the	  	  3D	  operator	  using	  1-‐D	  operators	  

!	  Successive	  resolu6on	  of	  3	  1-‐D	  systems	  

Spa-al	  discre-za-on	  of	  viscous	  fluxes	  !	  	  Tridiagonal	  systems	  	  
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Projec-on	  Step:	  Poisson	  equa-on	  (I)	  
•  Direct	  Method:	  Par6al	  diagonaliza6on	  of	  Laplacian	  L	  

–  Principle	  

–  Solving	  for	  ϕ	  :	  	  
•  Project	  source	  term	  onto	  the	  eigenspaces	  of	  operators	  in	  X	  and	  Y	  
•  Integrate	  1-‐D	  Helmholtz-‐like	  equa-on	  (tridiagonal	  system)	  

–  Use	  Thomas	  algorithm	  for	  direct	  solu-on	  

•  Inverse	  Projec-on	  	  φ’	  !	  ϕ	  
–  Need	  problem	  to	  be	  separable	  i.e:	  

•  Homogeneous	  boundary	  condi-ons	  
•  Discre-za-on	  of	  operator	  can	  be	  done	  in	  one	  direc-on,	  independently	  from	  
other	  direc-ons	  (tensoriza-on	  possible)	  

€ 

Lφ =∇.V * = S⇔ Lx + Ly + Lz( )φ = S⇔ Λx +Λy + Lz( )φ'= S'

Λx = Px
−1LxPx (diag. w.r.t x) ;  Λy = Py

−1LyPy  (diag. w.r.t y) 

S'= Px
−1Py

−1S ; φ '= Px
−1Py

−1φ
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Paralleliza-on	  on	  distributed	  memory	  architecture:	  
Resolu-on	  of	  tridiagonal	  systems	  with	  direct	  methods	  	  

•  Paralleliza-on	  on	  distributed	  memory	  architecture:	  
–  Domain	  decomposi-on	  method:	  each	  processor	  corresponds	  to	  1	  sub-‐domain	  

•  Direct	  methods	  for	  domain	  decomposi-on	  
–  Resolu-on	  of	  tridiagonal	  systems	  (Helmholtz	  1D)	  

! Schur	  complement	  method:	  

Consider	  the	  tridiagonal	  system	  

 1. Solve	   AkXk,o	  =	  Sk  
 2.	  Compute  Xiu using Schur	  complement	  (	  tridiagonal	  system) 

 3. Solve	  on	  each	  proc.	  	  AkXk	  =	  Sk-‐AkIXI  ; XI condi-ons	  at	  interfaces	  
     ! At	  each	  step	  direct	  resolu-on	  (Thomas	  algorithm)	  
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Projec-on	  Step:	  Poisson	  equa-on	  (II)	  

•  Itera6ve	  Method:	  Relaxed	  Gauss-‐Seidel	  (SOR)	  +	  Mul6grid	  

–  	  SOR	  algorithm	  applied	  to	  the	  system	  	  LX= S 
•  At	  k-‐th	  itera-on	  

•  Convergence	  obtained	  at	  k-‐th	  itera-on	  if	  || LXk+1 – S|| <	  ε	  

– Domain	  decomposi-on:	  	  
•  Boundary	  condi-ons	  handled	  using	  overlaps	  between	  subdomains	  

•  Boundary	  condi-ons	  update	  at	  each	  itera-on	  
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Projec-on	  Step:	  Poisson	  equa-on	  (III)	  

•  Mul-grid	  method:	  mo-va-on	  and	  principle	  
–  SOR	  	  

Slow	  convergence	  of	  low-‐frequency	  eror	  
–  SOR	  coupled	  with	  a	  V-‐cycle	  mul6grid	  method	  

Increase	  convergence	  
– Mul6grid	  method	  

•  N	  grid	  levels	  –	  with	  factor	  of	  2	  between	  grid	  resolu-ons	  
•  On	  each	  grid	  level	  n	  >	  1	  

–  Error	  es-mated	  on	  level	  n-‐1	  
–  Low-‐frequency	  error	  decreases	  faster	  over	  coarser	  grids	  

n=	  1,	  Δx=h	  

n=	  2	  ,	  Δx=2h	  

n=	  N,	  	  Δx=2(N-‐1)h	  

Grid	  levels	  n	  
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	  SOR	  Algorithm	  +	  Mul-grid	  

•  Resolu-on	  procedure	  for	  nV-‐cycle	  mul-grid	  
–  Restric6ng	  from	  the	  finest	  grid	  (n=1)	  to	  the	  coarsest	  grid	  (n=	  N)	  

•  Solve	  LX(1)=S	  on	  fine	  grid	  (n=1)	  =>	  Approximate	  solu-on	  X(1)	  

•  Compute	  residue	  R(1)=	  S-‐	  LX(1)	  
•  Restrict	  residue	  to	  coarser	  grid	  :	  R(2)=	  f(R(1))	  
•  Solve	  on	  grid	  n=2	  LX(2)=R(2)	  	  ….	  	  Repeat	  procedure	  down	  to	  n=N	  
•  For	  n	  >	  1	  ,	  each	  solu-on	  X(n)	  !	  error	  es-mate	  on	  the	  solu-on	  X(n-‐1)	  

–  Interpola6ng	  from	  coarsest	  grid	  to	  the	  finest	  grids	  
•  Extension	  :	  Es-mate	  error	  E(n-‐1)	  	  from	  X(n):	  E(n-‐1)=	  f(X(n))	  
•  Es-mate	  corrected	  solu-on	  on	  the	  grid	  at	  level	  	  n-‐1	  :	  X(n-‐1)=X(n-‐1)+E(n-‐1)	  
•  Eliminate	  	  errors	  by	  extending	  correc-on	  on	  grid	  n-‐1	  

–  Addi-onal	  itera-ons	  of	  the	  SOR	  algorithm	  from	  the	  ini-al	  X(n-‐1)	  
	  LX(n-‐1)=	  R(n-‐1)	  ;	  Si	  n=	  1	  LX(1)=	  S	  

•  Recursive	  procedure	  up	  to	  n=	  1.	  

–  If	  the	  convergence	  criterion	  	  (	  ||R(1)||	  <	  ε)	  is	  not	  sa6sfied	  !New	  	  cycle	  

…	  

n=1	  

n=N	  
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Discre-za-on	  of	  the	  Poisson	  equa-on	  
• Spa6al	  discre6za6on:	  2nd	  order	  centered	  scheme	  

• 2D	  Laplacian	  

€ 

In x :   ∇x
2φ ≡ αφi+1, j − (α + β)φi, j + βφi−1, j  avec α =

ν
ΔXi+1/ 2 .ΔXi

 et β =
ν

ΔXi−1/ 2 .ΔXi

In y :   ∇y
2φ ≡ αφi, j+1 − (α + β)φi, j + βφi, j−1 avec α =

ν
ΔYj+1/ 2 .ΔYj

 et β =
ν

ΔYji−1/ 2.ΔYj

•   Source	  term	  :	  div(V*)	  

• Pressure	  Gradient	  (2D)	  

€ 

In x :   ∂P
∂x i+1/ 2, j

≡
Pi+1, j − Pi, j
ΔXi+1/ 2

In y :   ∂P
∂y i, j+1/ 2

≡
Pi, j+1 − Pi, j
ΔYi+1/ 2

Staggered	  mesh:	  	  Pressure	  gradient	  is	  defined	  at	  same	  loca-on	  as	  velocity	  
components	  



Essen6als	  of	  SUNFLUIDH	  	  

•  Incompressible	  flows	  or	  Low	  Mach	  approxima6on	  
–  Projec-on	  method	  for	  the	  resolu-on	  of	  Navier-‐Stokes	  

•  Second-‐order	  accuracy	  in	  -me	  and	  space:	  	  Finite-‐Volume	  approach	  with	  MAC	  scheme	  

•  Viscous	  terms	  treated	  implicitly	  =>	  Helmholtz-‐type	  system	  solved	  with	  ADI	  method	  

•  Projec-on	  method	  =>	  Resolu-on	  of	  a	  Poisson	  equa-on	  for	  pressure	  
–  Direct	  method:	  Par-al	  diagonaliza-on	  of	  Laplacian	  (separable	  problem)	  
–  Itera-ve	  method:	  	  SOR	  +	  Mul-grid	  (Next	  step:	  HYPRE)	  

•  Paralleliza6on	  
–  Mul-threading	  «	  fine	  grain	  »	  (OpenMP)	  

–  Domain	  decomposi-on	  (MPI	  implementa-on)	  

–  Domain	  Hybrid	  paralleliza-on	  (ongoing	  work)	  
•  MPI+	  GPU	  :	  thèse	  LRI/LIMSI	  (project	  Digitéo	  CALIPHA)	  
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Code	  performance	  (	  IBM	  SP6	  -‐	  IDRIS)	  

•  Paralleliza-on	  MPI	   •  Paralleliza-on	  OpenMP	  

s	  
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Bo|leneck:	  communica-on	  
between	  processors	  



Example:	  Channel	  flow	  

(512)3	  cells	  
64	  processors:	  4x4x4	  
Cost:	  6.0	  10-‐8	  s/step/node	  
Frac-on	  spent	  in	  Poisson	  resolu-on:	  30-‐60%	  

Streamwise	  velocity	  isosurfaces	  	  
u=10,	  u=15	  
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€ 

Rτ =
uτh
ν

= 980


