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Application to the 1D Burgers equation Eq. and analytical solution

⊲ Solve equation

∂u

∂t
=

1

Re

∂2u

∂x2
− u

∂u

∂x
∀x ∈]0; 1[ and t ∈]0;T [

with

u(x, 0) = sin(πx) ∀x ∈]0; 1[ (IC)

u(0, t) = u(1, t) = 0 ∀t ∈]0;T ] (BC)

⊲ Analytical solution

ua(x, t) =
2π

Re

∞
∑

n=1

an n sin(nπx) exp
(

−n2π2t/Re
)

a0 +
∞
∑

n=1

an cos(nπx) exp
(

−n2π2t/Re
)

where an are Fourier coefficients.
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Application to the 1D Burgers equation POD application

Numerical parameters for the POD analysis

Re = 10,

T = 0.1 and ∆t = 10−4 i.e. Nt = 1000 snapshots in the data base,

x ∈ [0; 1] and ∆x = 1−0

Nx−1
with Nx = 100.

Matlab
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POD Algorithm (1)

Application of the Snapshot POD
Let u(x, tk), k = 1, · · · , Nt be Nt “snapshots”.

Algorithm:
1. We decompose u(x, t) as:

u(x, tk) = um(x) + v(x, tk) k = 1, · · · , Nt

where :

um(x) =
1

Nt

Nt
∑

k=1

u(x, tk)

2. We build the time correlation matrix:

Ckl =
1

Nt

(v(x, tk), v(x, tl))Ω =
1

Nt

∫

Ω

v(x, tk) · v(x, tl) dx

3. We solve the eigenvalue problem CA = λA =⇒ λ1 ≥ λ2 ≥ · · · ≥ λNt
≥ 0 and

A1(tk), · · · ,ANt
(tk).
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POD Algorithm (2)

A1 =











A1(t1)

A1(t2)
...

A1(tNt
)











, A2 =











A2(t1)

A2(t2)
...

A2(tNt
)











, · · · , ANt
=











ANt
(t1)

ANt
(t2)
...

ANt
(tNt

)











4. We obtain the POD eigenvectors Φn(x), n = 1, · · · , Nt using:

Φn(x) =
1

Ntλn

Nt
∑

k=1

An(tk)v(x, tk)

5. We check the orthogonality/orthonormality relations i.e.

1

Nt

Nt
∑

k=1

An(tk)Am(tk) = λnδnm ;

∫

Ω

Φn(x) ·Φm(x) dx = δnm
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POD Reduced-order model Galerkin projection

We decompose the velocity fields on NPOD modes:

u(x, t) = um(x) +

NPOD
∑

k=1

ak(t)Φk(x).

Dynamical system with Ngal (≪ NPOD) modes kept:

d ai(t)

d t
=Ai +

Ngal
∑

j=1

Bij aj(t) +

Ngal
∑

j=1

Ngal
∑

k=1

Cijk aj(t)ak(t)

ai(0) = (u(x, 0)− um(x), Φi(x))Ω.

Ai, Bij , Cijk depend only on Φ, um and Re.

Dynamics predicted by the POD ROM may be not sufficiently accurate
=⇒ need of identification techniques
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POD Reduced-order model

Ai = −

(

Φi, um

∂um

∂x

)

Ω

+
1

Re

(

Φi,
∂2um

∂x2

)

Ω

Bij = −

(

Φi, um

∂Φj

∂x

)

Ω

−

(

Φi,Φj

∂um

∂x

)

Ω

+
1

Re

(

Φi,
∂2Φj

∂x2

)

Ω

Cijk = −

(

Φi,Φj

∂Φk

∂x

)

Ω
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