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Université Paris-Saclay, CNRS, ENS Paris-Saclay, Inria
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Cody & Waite, 1979: Implementing Exponential
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Cody & Waite, 1979: Implementing Exponential

Approximating exp x

1 Argument reduction: t = x − k log 2.

2 Rational approximation f (t) of exp t.

3 Result reconstruction: exp x = 2k exp t.

Source of errors

Rounding errors: t̃ ' x − k log 2 and f̃ (t̃) ' f (t̃).

Method error: f (t̃) ' exp t̃.

Verifying a mathematical library is tedious and error-prone.

Guillaume Melquiond Formal Proofs and Numerical Computations 3 / 12



Formal Verification

Logical foundations

Proof
checker

Proof
assistant

Libraries

Guillaume Melquiond Formal Proofs and Numerical Computations 4 / 12



Formal Statement of Correctness

Bounding the relative method error

Definition q1 := 8006155947364787 * pow2 (-57).
Definition q2 := 4573527866750985 * pow2 (-63).

Definition f t :=
let t2 := t * t in
let p := p0 + t2 * (p1 + t2 * p2) in
let q := q0 + t2 * (q1 + t2 * q2) in
2 * ((t * p) / (q - t * p) + 1/2).

Lemma method_error :
forall t : R, Rabs t <= 0.35 ->
Rabs ((f t - exp t) / exp t) <= 5e-18.
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Using a Computer Algebra System
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https://sagecell.sagemath.org/?z=eJxlj9FuwjAMRd-R-AdLE2paKDhp06QP-wn2OE2ojDIqtTQNgcHfz95YJ7Q8RM69xze2Q3gGCQmoJBGpiqcTJ0nJEZWRylqboy1R_wK6ZEJxj5K2tFoholG5HomiIGJ4SJWscKpFLKTWZW6yIjfWjKmGCU7Ntcm0MrYojEaKH1MzIqaTQMjLenmpvIhCRFLgpkBUoLGodAhzIDEBQXvcS8drDeQOf-4wugO7e3K_dcFhLoYVIZDC_TUHuWKs9l5cY2LFXvAsVKdQXx2J3PJT0SS-DuG2cb45BnEIXSt8tK7bKjSXGiij99CcYNufj7t6B9sbzD4imE0n8O_sm-Nu0_bvVbvpqmvTnTtRbU-CMuIFpLjM9AL4jl_xLaafn06H_lO4tg_MPCLxF9jRb_8=&lang=sage&interacts=eJyLjgUAARUAuQ==


Using the Coq Proof Assistant
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Formal Verification Using Coq

Bounding the relative method error

Lemma method_error :
forall t : R, Rabs t <= 0.35 ->
Rabs ((f t - exp t) / exp t) <= 5e-18.

Proof.
intros t Ht.
interval with (i_bisect t, i_taylor t, i_prec 80).
(* Finished transaction in 2.768 secs *)

Qed.
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Formal Verification by Computational Reflection

To prove ∀x ∈ X , ∀~y ∈ ~Y , e(x , ~y) ∈ Z

1 Compute a polynomial p and an interval ∆
such that ∀x ∈ X , ∀~y ∈ ~Y , e(x , ~y)− p(x) ∈ ∆.

2 Check that p(X ) + ∆ ⊆ Z .

3 If not, split X and ~Y into smaller intervals and start again.

By structural induction on e.

Using interval arithmetic and Taylor models.

Fully reflective, i.e., same as check(peq,X , ~Y ,Z ) = true.

Floating-point numbers are emulated inside the logic of Coq.

No axioms other than those defining the set of real numbers.
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Proper and Improper Integrals

Helfgott’s proof of the ternary Goldbach conjecture

Every odd number greater than 5 is the sum of three primes.∫ ∞
−∞

(0.5 · ln(τ2 + 2.25) + 4.1396 + lnπ)2

0.25 + τ2
dτ ≤ 226.844.

Goal RInt (fun tau =>
(0.5 * ln(tau^2 + 2.25) + 4.1396 + ln PI)^2
/ (0.25 + tau^2))

( -100000) 100000
= 226.8435 ± 2e-4.

Proof. integral. Qed. (* Finished in 1.29 secs *)

Goal RInt_gen (fun tau =>
... * (powerRZ tau (-2) * (ln tau)^2))

(at_point 100000) (Rbar_locally p_infty)
= 0.00317742 ± 1e-5.

Proof. integral. Qed. (* Finished in 0.228 secs *)

Guillaume Melquiond Formal Proofs and Numerical Computations 10 / 12



Some More Examples of CoqInterval

Plotting the method error of Cody & Waite’s exponential

Plot ltac:(plot (fun t => (f t - exp t) / exp t)
( -0.35) 0.35 with (i_prec 80)).

Finding roots

Definition foo x (H: x + cos x = 2) := ltac:(root H).
About foo.
(* foo : forall x : R, x + cos x = 2 ->
6728983409886093/2^51 <= x <= 6728983409886103/2^51 *)

https://coqinterval.gitlabpages.inria.fr/
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https://coqinterval.gitlabpages.inria.fr/


What About Rounding Errors? Flocq & Gappa

Accuracy of Cody & Waite’s exponential

Definition cw_exp (x : R) :=
let k := nearbyint (mul x InvLog2) in
let t := sub (sub x (mul k Log2h)) (mul k Log2l) in
...

Theorem exp_correct : forall x : R,
generic_format radix2 (FLT_exp ( -1074) 53) x ->
-746 <= x <= 710 ->
Rabs (( cw_exp x - exp x) / exp x) <= pow2 (-51).

Proof.
... generalize (method_error t Bt).
... gappa.
Qed.

https://flocq.gitlabpages.inria.fr/

https://gappa.gitlabpages.inria.fr/
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