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Use Finite Difference or use Finite Volume?
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Use Finite Difference or use Finite Volume?
— skew symmetric, conservative FD
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Overview

a Burgers equation

© Euler/Navier-Stokes Equations
e Time discretization

e Arbitrarily Transformed Grids
© Fluxes & Boundary conditions

@ Incompressible flows
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The concept

o + axf(U) =0

Discretised:
otu+Du=0
@ 0 [udx
17DY =0 telescoping sum
@ 0 [uPdx

(DY = —-Dv skew symmetry
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The concept

o + axf(U) =0

Discretised:
otu+Du=0
@ 0 [udx
17DV =0 telescoping sum — Momentum Conservation
@ 0 [uPdx
(DY)T = —-Dv skew symmetry — Kin. Energy Conservation
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Skew—Symmetric discretisation

Simple example: Burgers’ equation

divergence and convection form

o+ ox(§) =0 (D)
ou+ uoxku =0 (C)

by (2 - [D] + [C])/3:

skew—symmetric form

O + %[8Xu tudJu=0  (S)
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Skew—-Symmetric discretisation

Burgers’ in skew—symmetric form

Discrete

8tu+%(DU+ UD)u =0

————
Du

U = diag(u), derivative D with D™ = —D

| Ou+D'u=0 |
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Skew Symmetric discretisation

Kinetic Energy Conservation

1T — 1 2
UU=32U

ou'u = () u+u’ou
= —(D“u)"u—u’D"u
—UT[(DU)T + Du]u
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Skew Symmetric discretisation

Kinetic Energy Conservation

1T — 1 2
UU=32U

ou'u = () u+u’ou
= —(D“u)’u—u’ D%
—UT[(DU)T—i-Du]U

Symmetry of transport term DY

1

GCOUSE

(DU + UD)" = %(UTDT +DTUT)=-Dp*

U=diag(u)=U", D' =-D
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Skew Symmetric discretisation

Kinetic Energy Conservation

1T — 1 2
UU=32U

ouu = () u+u’ou
—(D“u)"u —u" DY

= —u"[(DY)T +D“lu=0

=0

Symmetry of transport term DY

1
-3

1

(07 :

(DU+UD)T = -(UTD" +D"UT) = -D*

‘ Skew symmetry implies conservation of Ej, ‘
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Skew Symmetric discretisation

Momentum Conservation

1Tu=>1y
o1’u = 179w
= —1'D%
Telescoping
1 1
TAuy _ (4T T LI
1 Du_3(1 DU+1"UD)u 3y Du=0

=0 =

with DT = —D
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Skew Symmetric discretisation

Momentum Conservation

1Tu=>1y
o1’u = 179w
—1"p%u =0
——
=0
Telescoping
1 1
TPouy — (4T T — uTpu —
1 Du_3(1 0DU-|-1 UD)u 3 Y gu 0

‘Telescoping sum property implies conservation of momentum
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Time Integration

Implicit midpoint rule’

Fully discrete
Un+1 —un 1 yn+1/2 n+1/2
T + §D u =0

with u™ /2 = L(u" + u™T)

"Verstappen, Veldman, J. Com. Phys 187, p. 343 (2003)
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Time Integration
Implicit midpoint rule’

Fully discrete

1
Un+A; u” n %Dun+1/2 Un+1/2 -0

with u™ /2 = L(u" + u™T)

Multiplying by (u™1/2)T

(W /2)T (g gy % (um+1/2)T pum2 o /2

=0
_ %(Un + un+1)T(un+1 o Un)
(Un+1)2 (un)2 B

= 2 3 70

"Verstappen, Veldman, J. Com. Phys 187, p. 343 (2003)
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Numerical examp
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Overview

© Euler/Navier-Stokes Equations

J. Reiss (TU Berlin)
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Skew Symmetric discretisation
Euler Momentum Equation

divergence and convection form

Ar(ou) + dx(oP) +0xp = 0 (D)
00t(U) + oudx(u)+0xp = 0 (C)

by ([DI+[C])/2

Skew symmetric form

1 1
§(6tg-+,gar)u+é(8,(UQ'+gu<9x~)u+8xp =0 (9
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Skew Symmetric discretisation
Euler Equations

Oto+ 0x(ug) = 0

1 1
(Oro- +0dr) U+ 5 (Ixtio - +oudx)U+0xp = O

2
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Skew Symmetric discretisation
Euler Equations

Oto+ 0x(ug) = 0

1 1
> (Oto - +00r)u E(axug +oudx)u+dxp = 0

JEE IR SR
(

) gu2/2> + O (u< gu2/2)> =0
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Skew Symmetric discretisation
Skew symmetric Euler Equations

at9+ax(UQ) = 0

1 1
5(8t9-+gat-)u+§(8XUQ-+guax-)u+8xp =0

v _
7_18tp+ max(up) uoxp = 0
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Skew Symmetric discretisation

Skew symmetric Euler Equations

81‘Q+ax(uQ) = 0
1

1
é(atg'—f-gat')u—f- §(8XUQ-+guax-)u+8xp =0
7_16tp+ 7%18,((up)—u6xp =0

Discretised
8{Q+(DU)Q =0
(a,g+ga,)u+ (DUR+RUD)u+Dp =0

1 ohp + —1(DU)p —(UD)p = 0O
i

with U = diag(u), R = diag(o), Derivative D = —D'
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Skew Symmetric discretisation

Skew symmetric Navier—Stokes Equations

atQ+ax(UQ) = 0

1 1
5 (Oro - +00¢) U+ 5 (OxUo - +0oUdx-) U+ Oxp = OxT
op + Lax (Uup) — Udxp = —UOXT + OxT
v—1 v —1

Discretised
dro+(DU)o = 0
(a,g + ga,)u 1 (DUR +RUD)u+Dp = Dr

otp + —(DU)p —(UD)p = —-UDr+ Dru
'7—1 v —1

with U = diag(u), R = diag(o), Derivative D = —DT, 7 = jioyu
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Conservation, time continuous

do+DUp = 0

1
(dho + 0d)u+ 5 (DUR + RUD)u+Dp = 0
———
Due

8tp+7%1DUp—UDp -0

1

2
1

v —1

17(mass) =0 — mass Conservation
17(mom) + u"(mass)/2=0 — Momentum Conservation
17(innerE) + u" (mom) =0 — Energy Conservation
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Conservation, time continuous

Oto+DUp = 0

1
(dro+ 0d)u+ 5 (DUR+ RUD)u+Dp = 0
———
Due

8tp+7%1DUp—UDp -0

1

2
1

v —1

17(mass) =0 — mass Conservation

17(mom) 4+ u"(mass)/2=0 — Momentum Conservation
17(innerE) + u" (mom) =0 — Energy Conservation

1
v —1

1 1
o1 p+ EUT(atQ +o0)u = 0O (7T11 "p+ UT(QU)/Z)

+ 7 1Tpyp + TuTpuey — o
v —1 2
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Numerical example 1D
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Time Integration: Leapfrog—like
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Time discretization

1 1
5 (Oto - +00r) U+ > (Oxuo - +oudx-) U+ dxp =0

One Step methods:
@ Morinishi's rewriting 5 (0ip - +p0r)u = /pOt/pu

@ use adopted midpoint rule
@ — similar to Morinishi , Subbareddy et. al., JCP 2009

@ generalises to higher order
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Time discretization

1 1
5 (Oto - +00r) U+ > (Oxuo - +oudx-) U+ dxp =0

One Step methods:
@ Morinishi's rewriting 5 (0ip - +p0r)u = /pOt/pu

@ use adopted midpoint rule
@ — similar to Morinishi , Subbareddy et. al., JCP 2009

@ generalises to higher order

1
VPO (vpu) + 5D%u + Dyp =0
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Time discretization

Il
o

1
fat\/m 5B%
VPOt (\/pu) + D“Pu+Dxp =0

7_161p+’yT18up—Cup =0

VI =) A
\/ﬁn+1/2< - )+§Bu+pn+b _ 0

1
\/ﬁn—H/Z (ﬁU)rH—At (\[u) 2Du"+a e u"t1/2 4 p pn+c - 0

\/—n+1/2 %(\/— +\/—n+1)

v

J. Reiss (TU Berlin) Skew-Symmetric Schemes August 8!, 2012 20/46



Time discretization

Il
o

1
f@t\/ﬁ+ 5B%
VPOt (\/pu) + D“Pu+Dxp =0

7_161p+’yT18up—Cup =0

VI =) A
\/l—)n+1/2< - )+§Bu+pn+b _ 0

1
\/ﬁn—H/Z (ﬁU)rH_At (\[u) 2Du"+a e u"t1/2 4 p pn+c - 0

n+1 n
\/—n+1/2 %(\/— +\/—n+1) /2 — %(\/ﬁuz/ﬁn:(/;/ﬁw

v
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Time discretization
Higher Order

I
()

1
fat\/ﬁ + EBUP

J/p0r (v/pu) + D”Pu+ Dp = O

7_181‘P+FBUP—CUP =0

@ Implicit Midpoint rule is Gauss-collocation method
@ All Gauss-collocation methods preserve skew-symme. & cons.|

Midpoint (27 order) Midpoint (4" order)
11 1_ V3 1 1 V3
2 % 26| & o 4T
2+t% |4 T 4
3 :

TBrouwer, Reiss, in prep.
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Overview

e Arbitrarily Transformed Grids

J. Reiss (TU Berlin)

Skew-Symmetric Schemes



Euler Equations, more dimensions
Skew—symmetric momentum equation

1
VPOt (V/pUa) + 3 [0x;pUp - +pUsOxs-| Ua + Ox,p = 0.

Main problem: Keep skew symmetric structure on distorted grids.?
Local base e, = dzal, ¥ = F(&,1,() = (x,y,2)7

2Veldman, Rinzema, Playing with nonuniform grids, J. Engin. and Math.26,
p 119, (1992), VV2003
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Euler Equations, more dimensions
Skew—symmetric momentum equation

1
VPOt (V/pUa) + 3 [0x;pUp - +pUsOxs-| Ua + Ox,p = 0.

Main problem: Keep skew symmetric structure on distorted grids.
Local base e, = d¢at, ¥ = 1(£,1,¢) = (X, y,2)7
Use divergence as

ou 1
8—)('2 = J Zafa(eﬁ X ev)u

a,cy

’
= 5 > (es x €,)dceu.

a,Ccy
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Euler Equations, more dimensions
Skew—symmetric momentum equation

1
VPOt (V/pUa) + 3 [0x;pUp - +pUsOxs-| Ua + Ox,p = 0.

Main problem: Keep skew symmetric structure on distorted grids.
Local base e, = d¢at, ¥ = 1(£,1,¢) = (X, y,2)7
Use divergence as

ou 1
8_XIZ = J Zafa(eﬁ X ev)u

a,cy

’
= 5 > (es x €,)dceu.

a,Ccy

[6X/3pu5- + pUgaxﬁ-]Ua
~ Z[aé” (eg x €y)ug: + Uug(eg x €y)d¢a]Ua

a7c.y
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Euler Equations in 2D

Semidiscrete

with
Bu
pv»
cY

J

7_

Jowp+BYp = 0

1
Vo (Vpu) + 5D%u+ Dyp = 0

1
J\/ﬁat(\/ﬁv)+§D“pv+Dyp =0

0+ ——B'p—C' = 0
v —1

D:U+ D,V
(D:UR+ RUD;) + (D,VR+ RVD,)
UDy + VD,

where U = (UY, — VX,) and V = (VX — UY)
and Dy = D;Y,, — D, Ye, Dy = ...

J. Reiss (TU Berlin)
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Overview

© Fluxes & Boundary conditions

J. Reiss (TU Berlin)

Skew-Symmetric Schemes



Boundary conditions
Flux vs. Value, 1D mass equation

dtp+ Dxup =0 —  o1Tp4+1TDup=0

bT
-1 1
1 1
1 0 1
2 2
T _ 4T 1 0 1 _(.81,. 13
b = 1 2 .2 —( 272a07 707 272)
—1 1
mass flux over boundaries:
3 1 3 1
T _ v _ Y _ ) = —
bTup = (<pu)12 (pu)22)+((pu)N2 (pu)N_12) bt fy

Flux no-zero even for uy =0

J. Reiss (TU Berlin)

v
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Boundary conditions
Would like uy =0< fb =0

ISERTEN
(@] VES

wu'

I
N[
. O N—=
L N|—=
<

o= -
o=

— b’ =(-1,0,...,0,1).

weigh- matrix W (norm)
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Boundary conditions
Would like uy =0< fb =0

ISERTEN
(@] VES

wu'

N —
Soon=
L N|—

-

o= -
o=

— b’ =(-1,0,...,0,1).

weigh- matrix W (norm)

VI/,',-:diag(%,1,1,...,1,%)

Summation By Parts (SBP)-Property
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Boundary conditions: SBP

For SBP derivatives there is a norm, such that®
@ Telescoping sum is broken at boundary
@ Skew Symmetry only broken at Dy 1 and Dy n

Boundary flux of our scheme depends entirely
@ on boundary values,
@ addition flux to enforce BC

Enforcing BC e.g. in Carpenter?® give global energy estimates.
(Work in progress...)

2Strand, JCP 110, p47, 1994
3Carpenter et al, JCP 108, p272, 1993
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Skew Symmetric discretisation
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Skew Symmetric discretisation

Without SBP
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Skew Symmetric discretisation

With SBP
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Skew Symmetric discretisation

Conservation with boundary

X
9.888

9.886

9.8841

9.8821

Energy

9,878

9,876

9.874
0
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Skew Symmetric discretisation

First Conclusions
@ Skew symmetry leads to kinetic energy conservation
@ ...with telescoping sum property full conservation
@ strict skew symmetry & perfect conservation on transformed grids
@ Procedure easy to implement & numerically efficient
@ Derivatives of any order in space
@ Time stepping of any order
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Skew Symmetric discretisation

First Conclusions
@ Skew symmetry leads to kinetic energy conservation
@ ...with telescoping sum property full conservation
@ strict skew symmetry & perfect conservation on transformed grids
@ Procedure easy to implement & numerically efficient
@ Derivatives of any order in space
@ Time stepping of any order

Outlook

@ Implementation for shock acoustic simulations in progress
@ Big DNS of turbulent flows
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Bonus Part

Schemes for the incompressible Navier-Stokes equation
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Bonus Part

Schemes for the incompressible Navier-Stokes equation
How to avoid odd-even decoupling?

Idea:
@ energy and momentum conserving, and collocated, by

» use of skew symmetry
&
» the combination of non-symmetric derivatives

@ Grid transformations preserving these properties

» general in 2D

» restricted in 3D

J. Reiss (TU Berlin) Skew-Symmetric Schemes August 8!, 2012
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Incompressible Navier-Stokes

Otp+0x,puy = 0

1
V0 (V/0Ua) + 5 (Oxs s - +pUs0ss) U + D5 = OpTap

1, o
N Ip + ﬁaxﬁ(uﬁp) —UsOxsp = 0

1
atua + E (aXB U,B : +Uﬁ8xﬁ) Uy + axap = I/Aua
OxUa = O a,8=1,23

Pressure Poission Equation:

axaaxap B 6)(& (—Duua + I/Aua)
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Incompressible Navier-Stokes

1
atua + § (8)(/3 u[B . +uﬁaxﬁ') Ua + 6Xa,0 e VAUa
Oy Ua = O a,f=1,2,3

Pressure Poission Equation:

8Xaaxap = axa (—Duua + VAUO,)
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Incompressible Navier-Stokes
1
Ot + 5 (OxsUg - +UgOx;") Ua + Ox P = VAU,
O lUa = 0 a,f=1,2,3
Pressure Poission Equation:

axaaxap e 8)(& (—DuUa + l/AUa)

Discrete

axa 8xa p~ Da Gap

(Gp)i ~ (Piv1 — pi—1) & (Du)j ~ (U1 — Ui1)

~

-~

DGp ~ (pit2 —2p; + pi-2)

V.
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Incompressible Navier-Stokes

1
atua + E (6)(/3 U,B . +u130x/3) Ua + 6Xap e VAUa

O la = O a,8=1,2,3

Pressure Poission Equation:

axaaxap e 8)(& (—DuUa + l/AUa)

Discrete

axa 8xa p~ Da Gap

(Gp)i ~ (Piv1 — pi—1) & (Du)j ~ (U1 — Ui1)

~

-~

DGp ~ (pi+2 — 2p; + pi—2)

Odd-even decoupling, nasty to solve!
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Avoiding decoupling of Ap

Staggered Grid

—
ui»llz‘j

(+) Simple

P,

Vl‘j+l/2

ui+1/2,]

., 1;

(+) No extra damping

(-) Boundary non-simple

(> Different geometry factors for | (-) Rhie-Chow: Smaller Damping

P, Ua

Collocated Grid

vi,‘
o

[N}

(+) Nice Boundary
(+) Same geometry factors

() Upwind: Large damping

y o’

J. Reiss (TU Berlin)
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Avoiding decoupling of Ap

Staggered Grid

—t
ui»l/z‘j

(+) Simple

P

Vl‘j+l/2

ui+1/2,]

., 1;

(+) No extra damping

(-) Boundary non-simple

(> Different geometry factors for | (-) Rhie-Chow: Smaller Damping

P, Ua

Collocated Grid

vi,‘
o

b

(+) Nice Boundary
(+) Same geometry factors

() Upwind: Large damping

y o’

Skew Symmetric Schemes

J
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Avoiding decoupling of Ap

Staggered Grid

—t
ui»l/z‘j

(+) Simple

P

Vl‘j+l/2

ui+1/2,]

., 1;

(+) No extra damping

(-) Boundary non-simple

(> Different geometry factors for | (-) Rhie-Chow: Smaller Damping

P, Ua

Collocated Grid

vi,‘
o

b

(+) Nice Boundary
(+) Same geometry factors

() Upwind: Large damping

y o’

Skew Symmetric Schemes

| 0D — J

J. Reiss (TU Berlin)
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Discretisation

axa Ua = O

1
8tu01 + é (8XH uﬂ . +u,38XB) ua + 8Xap = VAUa

D,u, = 0

OtUq + % (DgUs + UsGp) Us + Gap = vlu,

Do

Transport term is skew symmetric

DU = 1(UsDf + Gl Us) = —D

provided Dg = —Gg not necessary skew sym.!
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Discrete Poission Equation

D.u, = 0
Oty + Duy, + Gop = vlu,

D,Gop = D, (_Duua + VLua)

J. Reiss (TU Berlin)
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Discrete Poission Equation

D.u, = 0
Oty + Duy, + Gop = vlu,
D,Gop = D, (_Duua + VLua)
Ds = -G}
— Energy cons.!

J. Reiss (TU Berlin)
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Discrete Poission Equation

Dou, = 0
Oty + Duy, + Gop = vlu,

DoGap = Do (—D"uq + vLuy)

Ds=-Gj =45 -1 1 0
N————

— Energy cons.!

Not upwind!

J. Reiss (TU Berlin) Skew-Symmetric Schemes

August 81, 2012
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Discrete Poission Equation

Dou, = 0
Oty + Duy, + Gop = vlu,

DoGap = Do (—D"uq + vLuy)

Dy=-Gj=a:| -1 1 0

—_——

— Energy cons.! - — DﬁGﬁ = ﬁ 1 -2 1
Not upwind!
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Discrete Poission Equation

Dou, = 0
Oty + Duy, + Gop = vlu,

DyGup = Do (—D"uq + viluy,)

Dy=-Gj=a:| -1 1 0

—_——

— Energy cons.! - — DﬁGﬁ = ﬁ 1 -2 1
Not upwind!

DB:<1/6 i 1/2 1/3 o)
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Numerical example

J. Reiss (TU Berlin)
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Numerical example
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Numerical example
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Transformed Grids

D,u, = 0
Otly, + § (DgUg + UgGﬁ) Uy + Gap = vlu,

J. Reiss (TU Berlin)
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Transformed Grids

D,u, = 0
1

(DgUg + UgGﬁ) Uy + Gap = vlu,

DgMa’gua =0

1 - _ _
Joru,, + é (DVM/B,’YUﬂ + UﬁMgﬁny) Uy + Ma’,yG,yp = vlu,

Ds = -GJ

J. Reiss (TU Berlin) Skew-Symmetric Schemes August 8!, 2012 41/46



Transformed Grids

Dyu, = 0
1
OtUq + > (DsUs + UgGg) Ua + Gap = vlu,
DBMQ’BUO[ = 0
1 = _ _
Joru,, + é (DVM/B,’YUﬂ + UﬁMgﬁny) Uy + Ma’,yG,yp = vlu,
_ _ QT
= _Gﬁ
Mo, s Mo
Ap~ Dg 3 G
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41/ 46



Transformed Grids: Conservation?

2

DgMa,gua
(D’YMﬁ,’YUﬂ + UﬂMﬁfYé’Y) Ua + Maﬁévp

vlu,
Ds

_ _QT
= -G]

J. Reiss (TU Berlin)
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Transformed Grids: Conservation?

DﬁMaﬁUa =0

1 _ _
Jotu,, + 5 (D’yMg,yUg TF UﬂMQWG,Y) Uy + Ma,,yG,yp = vlLu,

Ds = -G}

Energy conservation

Ug Mo, G, p
= p"G] M, uq
= _pTD'yMoz,q/Ua
=0

v
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Transformed Grids: Conservation?

1 _ _
JOotUy, + = (D’YMB,’YU[? TF UﬂMﬁ,Wny) Uy + Ma,,yG,yp = vlLu,

2

DﬁMaﬁUa =0

Energy conservation

Ug Mo, G, p
= p"G] M, uq
= _pTD'yMa,q/Ua
=0

Dg

— _ QT
_G,B

v

Momentum conservation

J. Reiss (TU Berlin)
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Transformed Grids: Momentum Conservation
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Transformed Grids: Momentum Conservation

2D

Provided y.=D;y y,=D,y

J. Reiss (TU Berlin) Skew-Symmetric Schemes August 8t 2012
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Transformed Grids: Momentum Conservation

2D

Provided y.=D;y y,=D,y

3D

T _
D7 My =

( De(Yo2Zc — Yezy) + Dy(Veze — Yeze) + De(Vezy — YnZe) )

Only zero for restricted transformations:

x(&,m),y(&,n),2(¢)
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Second Conclusions

We found
Schemes for the incompressible Navier-Stokes equation, wich are

@ collocated, energy and momentum conserving, by

» use of skew symmetry
&
» the combination of non-symmetric derivatives

@ Grid transformations preserving these properties
» general in 2D
» restricted in 3D

@ Very simple to implement
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Conclusions

Skew symmetric Schemes are

@ Skew symmetric schemes respect kinetic energy
@ Avoid numerical damping

@ Stable

@ Simple to implement

@ ...worth atry!
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Thank you for your attention!

Question?
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Euler Equations, more dimensions

VPOt (v/pUa) + %[8Xﬁpu5 - 4pUgOy, | Ua + Ox,p = 0.
Momentum equation in skew symmetric form, 2D, u; = u component :
o (/pu)
NG
"‘% [(aég(J’nU = XyV) - +o(YpU — X V) O¢-)
+(Ono(—YeU + XeV) - +o(—YeU + Xe v)8n~)] u
+(0cYy — Onye)p =0
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Shock & Artifical Damping

((%R + RIYU+ 5(DUR+RUD)u+Dp = Dr

Friction Term = = uDu
DuDu — —FoF'u

with adaptive sigama:

1 I I
a:—<1—ﬁ+‘1—ﬂ
I I

)

with with shock detector building on
dilatation’
= ri(Vu)

“Bogey et al, JCP 228, 1447, 2009
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Where are we now?

Shock & Acousic Pulse

0
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Skew Symmetric discretisation

Euler Equations, time

do+BY =0
y
%[a[R =+ Rat]u + EDugu-l- DXp = 0

1 2 Up  AUps
7_18tp+7_18p Chr = 0
Leap—Frog like scheme

ZLAt (Qn+1 _ Qn—1) +Bungn -0

4LAt ((RH—H + Rn)un+1 _ (Rn—1 + Rn)un—1) _l_%Du"g"Un + Dxp” -0

B p" n
L%(pnﬂ _pn—1) +77_l31 _CYp =0
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Skew Symmetric discretisation

Euler Equations, implicit time

mass
L n-+1 n—1 1 n—1 n n+1y\ _
s (7 =" ") + 5D ((we)™ !+ 6(ug)” + ()™ ") =0
velocity
41At ((Hn—H +Rn)un+1 (Rn—1 + Rn)un—1) +
;; (D(ug)” 1 U 1 D(ug)”(un—1 +4u" + Un+1) + D(ug)"+1 Un+1)
+%Dx(pn—1 + 2pn +pn+1) -0
pressure
_ 1 1 n+1 _ an—1
0_7—12At<p )+
1
470 (@)™ 2(up)" + (up)™ ) — unD(p™ 420"+ p™)
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Time Integration
Energy conservation

Time integration by midpoint rule produces energy conservation

1
UfH‘A; u” n %Dun+1/2un+1/2 ~0

Multiplying by (u™1/2)T = L(u" + u™")T
Tun+1 o un

n n+1
(u"+u )—At +

N =

(un-l-1/2)TDu’7+1/2 Un+1/2 -0

W[ =

=0
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Time Integration
Energy conservation

Time integration by midpoint rule produces energy conservation

1
UfH‘A; u” n %Dun+1/2un+1/2 ~0

Multiplying by (u™1/2)T = L(u" + u™")T

T un+1 o un

n n+1 _
(u"+u"h) N, =0

N —

gives

% ((un+1)TUn+1 _ (un)Tun) -0
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Time Integration

Momentum conservation

Time integration by midpoint rule produces momentum conservation
Multiplying by (1)7 = (1,1,1,1,1,...)

(1)T—un+1m i %(T)TD“"“/Zu”“/2 —0
with
()T Do e ynir2
_ (.T)TDUn—H/Z i (un+1/2)TDun+1/2 -0
gives

5 (Z urtt - Z:w) —

J. Reiss (TU Berlin) Skew-Symmetric Schemes August 8t 2012 53 /46



Euler Equations, more dimensions

1 1 - .
§(8tg+gat)u,-+§ [Vol+9U-V]u+Vp = 0.

Use divergence as

1 1
Vu = j %85,'(6]' X ek)u = j %(ej X ek)agu.

Momentum equation in skew symmetric form

1 11
é (61Q + 981) U, + EJ Z (651'(61' X ek)gu + (ej X ek)guag,-) u,
icy
1
+ (J %;85;(@- X ek)p) =0

...is indeed skew symmetric!
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Time discretization

Oto + RHS, = 0
%[&RJF Rotu + RHS, = 0

1 3 oo + RHS, = 0
Central scheme 3—step
LA( n+1 _ n 1) +F1’HSQ:0
LA ((Rn—H RN ) gt (Rn 1 + Rn)un 1) —|—RHSU -0
Toraat (P =P +AHS, =0
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Skew Symmetric discretisation

Euler Equations, time

(Qn+gn+1)
2
(g”+gn+1)T(u”+Un+1)
2 2

1
mass™tz =17

1
mom"™tz =

Un)T(Qn+ Qn+1)un+1
4

1T
eg)—;—1/2 _ F(pn_i_pn—ﬂ)/z_i_(

E.g. momentum conservation

N—1 N—1
1/2 N—1/2
mom'/2 — momN"12 =N " f 5 — > " fy_1p
n=1 n=1

— equivalent to FV for At — 0
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End

J. Reiss (TU Berlin)

Skew-Symmetric Schemes



	Burgers equation
	Euler/Navier-Stokes Equations
	Time discretization
	Arbitrarily Transformed Grids
	Fluxes & Boundary conditions
	Incompressible flows

