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Navier-Stokes equations
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Navier-Stokes equations

Ou—vV2u+uVu+Vp="Ff inQx|0,T],
Vu=0 inQx]|0,T],
in [0,T], anduft=o=up inQ,
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Introduction

Navier-Stokes equations
Objectives

Navier-Stokes equations

Ou—vV2u+uVu+Vp="Ff inQx|0,T],
Vu=0 inQx]|0,T],
ur=0 in[0,T], andult=o=up inQ,

o  fluid domain
@ T some time

@ f smooth source term

@ ug smooth solenoidal data

George G. Stokes
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Objectives

Hyp: Q € R?°" 3 is a bounded and smooth domain, and all
compatibility conditions are satisfied for a smooth solution to
exist.
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Navier-Stokes equations
Objectives

Objectives

Hyp: Q € R?°" 3 is a bounded and smooth domain, and all

compatibility conditions are satisfied for a smooth solution to
exist.

Obj: (1) Build a time + space approximation;

(2) Minimize the computational cost & retain optimal
approximation properties
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Introduction

Navier-Stokes equations
Objectives

Objectives

Hyp: Q € R?°" 3 is a bounded and smooth domain, and all
compatibility conditions are satisfied for a smooth solution to
exist.

Obj: (1) Build a time + space approximation;
(2) Minimize the computational cost & retain optimal
approximation properties

Strategy: Chorin—Temam idea (1968-1969): fractional-step technique
[L2(Q)) = H o VHY(Q),

where H = {v € [(2(@)%; V-v =0; vnlr =0},
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

@ Simplest pressure-correction scheme: Chorin/Temam
(1968,1969)
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

@ Simplest pressure-correction scheme: Chorin/Temam
(1968,1969)
Step 1: Viscous prediction

ﬁ(ak-i-l N uk) _ Vv2ak+1 _ f(tk+1), ak+1|r _ 0’
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

@ Simplest pressure-correction scheme: Chorin/Temam
(1968,1969)
Step 1: Viscous prediction

ﬁ(ak-i-l N uk) _ Vv2ak+1 _ f(tk+1), ak+1|r _ 0’

Step 2: Projection

ﬁ(ukﬁ-l _ ak-ﬁ-l) + v¢k+1 — O,

V-t =0, vl =o0.
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

@ Simplest pressure-correction scheme: Chorin/Temam
(1968,1969)
Step 1: Viscous prediction

ﬁ(ak-i-l N uk) _ Vv2ak+1 _ f(tk+1), ak+1|r _ 0’
Step 2: Projection

ﬁ(ukﬁ-l _ ak-ﬁ-l) + v¢k+1 — O,
V-t =0, vl =o0.

Step 3: Pressure correction

pk\l :¢k+1
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to

Bt = UM L V(AR W e H, ¢f T e HY(Q)
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to

Bt = UM L V(AR W e H, ¢f T e HY(Q)

@ Recalling [L2(Q)]? = H ® VHY(RQ), this means

Uk+1 _ PH(ak+l)
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to
Bt = UM L V(AR W e H, ¢f T e HY(Q)

@ Recalling [L2(Q)]? = H ® VHY(RQ), this means

Uk+1 _ PH(ak+l)

@ Step 2 is a projection onto H.
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to
Bt = UM L V(AR W e H, ¢f T e HY(Q)

@ Recalling [L2(Q)]? = H ® VHY(RQ), this means

Uk+1 _ PH(ak+l)

@ Step 2 is a projection onto H.
@ Implementation:

(I) v2¢k+1 — %v.ak-l-l; an¢k+1|r -0
(ii) uk Tt = L (At
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to
Bt = UM L V(AR W e H, ¢f T e HY(Q)

@ Recalling [L2(Q)]? = H ® VHY(RQ), this means

Uk+1 _ PH(ak+l)

@ Step 2 is a projection onto H.
@ Implementation:

(l) v2¢k+1 1 v "k+1 an¢k+1|r — 0
(ii) uktt = ak+ — (Atqﬁk“)

° ’Very simple algorithm‘
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Pressure-correction schemes q .
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

o Step 2 amounts to
Bt = UM L V(AR W e H, ¢f T e HY(Q)

@ Recalling [L2(Q)]? = H ® VHY(RQ), this means

Uk+1 _ PH(ak+l)

@ Step 2 is a projection onto H.
@ Implementation:

(l) v2¢k+1 1 v "k+1 an¢k+1|r — 0
(ii) uktt = ak+ — (Atqﬁk“)

° ’Very simple algorithm ‘ = Very popular

Jean-Luc Guermond Overview of fractional step techniques for NSEs




Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

Theorem (Rannacher (1991), Shen (1992))

luar = uatllo 2oy + lluar — Gatlleo 2oy < c(u,p, T) At,

IPac — Paclles(izi)) + luae — Uaellpeqqrryey < c(u,p, T) A2,
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

Theorem (Rannacher (1991), Shen (1992))

luar = uatllo 2oy + lluar — Gatlleo 2oy < c(u,p, T) At,

IPac — Paclles(izi)) + luae — Uaellpeqqrryey < c(u,p, T) A2,

@ Observe that Vpk“-n\r = 0 is enforced on the pressure.
Artificial Neumann bc
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non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

Theorem (Rannacher (1991), Shen (1992))

luar = uatllo 2oy + lluar — Gatlleo 2oy < c(u,p, T) At,

IPac — Paclles(izi)) + luae — Uaellpeqqrryey < c(u,p, T) A2,

@ Observe that Vpk“-n\r = 0 is enforced on the pressure.
Artificial Neumann bc = scheme not fully first-order.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

Theorem (Rannacher (1991), Shen (1992))

luar = uatllo 2oy + lluar — Gatlleo 2oy < c(u,p, T) At,

IPac — Paclles(izi)) + luae — Uaellpeqqrryey < c(u,p, T) A2,

@ Observe that Vpk“-n\r = 0 is enforced on the pressure.
Artificial Neumann bc = scheme not fully first-order.

@ Irreducible splitting error of order O(At)
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

non-incremental pressure-correction schemes

Theorem (Rannacher (1991), Shen (1992))

luar = uatllo 2oy + lluar — Gatlleo 2oy < c(u,p, T) At,

IPac — Paclles(izi)) + luae — Uaellpeqqrryey < c(u,p, T) A2,

@ Observe that Vpk“-n\r = 0 is enforced on the pressure.
Artificial Neumann bc = scheme not fully first-order.

@ Irreducible splitting error of order O(At) = using higher-order
time stepping does not improve the overall accuracy.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

@ Simple idea: use the old pressure p¥ in the viscous step and
correct the pressure appropriately afterwards (Goda (1979)
Van Kan (1986)).
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

@ Simple idea: use the old pressure p¥ in the viscous step and
correct the pressure appropriately afterwards (Goda (1979)
Van Kan (1986)).

Step 1: Viscous prediction

ﬁ(?)akﬁ*l_4uk+uk71)_yv2ak+1+vpk — f(tk+1), ak+1’|_ _ 0’
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

@ Simple idea: use the old pressure p¥ in the viscous step and
correct the pressure appropriately afterwards (Goda (1979)
Van Kan (1986)).

Step 1: Viscous prediction

ﬁ(?)akﬁ*l_4uk+uk71)_yv2ak+1+vpk — f(tk+1), ak+1’|_ _ 0’

Step 2: Projection
saz(Bu Tt =30 + Vgktl =0,

V-uktt =0, u*tlalr=o.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

@ Simple idea: use the old pressure p¥ in the viscous step and
correct the pressure appropriately afterwards (Goda (1979)
Van Kan (1986)).

Step 1: Viscous prediction

ﬁ(?)akﬁ*l_4uk+uk71)_yv2ak+1+vpk — f(tk+1), ak+1’|_ _ 0’

Step 2: Projection
saz(Bu Tt =30 + Vgktl =0,

V-uktt =0, ko =o0.
Step 3: Pressure correction
k1 _ k1 k
pr =9 +p




Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

With appropriate initialization,

luae = unellai@yey + luae — Baelleee@ye < €(u,p, T) At

Ipar — Patllee(iz)) + luar — Batlleeqrayey < c(u,p, T) At'.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

With appropriate initialization,

luae = unellai@yey + luae — Baelleee@ye < €(u,p, T) At

Ipar — Patllee(iz)) + luar — Batlleeqrayey < c(u,p, T) At'.

@ Proof: Shen (1996), semi-discrete; Guermond (1997, 1999),
Guermond-Quartapelle (1998), fully discrete; E-Liu (1995),
semi-discrete periodic channel
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

With appropriate initialization,

luae = unellai@yey + luae — Baelleee@ye < €(u,p, T) At

Ipar — Patllee(iz)) + luar — Batlleeqrayey < c(u,p, T) At'.

@ Proof: Shen (1996), semi-discrete; Guermond (1997, 1999),
Guermond-Quartapelle (1998), fully discrete; E-Liu (1995),
semi-discrete periodic channel

@ Again artificial bc: Vp*ln|r = Vp¥en|r = - Vp2n|r.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

Incremental pressure-correction schemes

With appropriate initialization,

luae = unellai@yey + luae — Baelleee@ye < €(u,p, T) At

Ipar — Patllee(iz)) + luar — Batlleeqrayey < c(u,p, T) At'.

@ Proof: Shen (1996), semi-discrete; Guermond (1997, 1999),
Guermond-Quartapelle (1998), fully discrete; E-Liu (1995),
semi-discrete periodic channel

@ Again artificial bc: Vp*ln|r = Vp¥en|r = - Vp2n|r.
@ Time stepping can be replaced by any 2nd order A-stable
stepping.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

@ A new simple idea: use V?u = VV-u—-VxVxu
(Timmermans, Minev and Van De Vosse (1996)).
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

@ A new simple idea: use V?u = VV-u—-VxVxu
(Timmermans, Minev and Van De Vosse (1996)).
Step 1: Viscous prediction

s B0 T —4u T VP E V R = £ (), B =,
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

@ A new simple idea: use V?u = VV-u—-VxVxu
(Timmermans, Minev and Van De Vosse (1996)).
Step 1: Viscous prediction

s B0 T —4u T VP E V R = £ (), B =,

Step 2: Projection

ﬁ(3uk+l o 3Dk+l) + v¢k+1 — 0’

V-uktt =0, k=0,
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

@ A new simple idea: use V?u = VV-u—-VxVxu
(Timmermans, Minev and Van De Vosse (1996)).
Step 1: Viscous prediction

s B0 T —4u T VP E V R = £ (), B =,

Step 2: Projection
saz(Bu Tt =30 + vkt =0,
V-uktt =0, k=0,
Step 3: Pressure correction
p/( 1 — ¢k+1 + pk _ VV'[Ik+1.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

o Why is it better?
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

o Why is it better?
Sum viscous prediction 4 projection + use pressure correction:
ﬁ(3uk+l o 4uk + ukfl) + UV XV X uk+1 + vpk+1 — f(tk+1)’

Vbt =0, ol =o0.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

o Why is it better?
Sum viscous prediction 4 projection + use pressure correction:

ﬁ(3uk+l o 4uk + ukfl) + UV XV X uk+1 + vpk+1 — f(tk+1)’

Vbt =0, ol =o0.

@ This implies consistent equations for the pressure:

v2pk+1 _ f(tk+1); ank—‘rl’r — (f(tk“)—nyqukH)'”‘r:
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

o Why is it better?
Sum viscous prediction 4 projection + use pressure correction:

ﬁ(3uk+l o 4uk + ukfl) + UV XV X uk+1 + vpk+1 — f(tk+1)’

Vbt =0, ol =o0.

@ This implies consistent equations for the pressure:
v2pk+1 _ f(tk+1); anpk-i-lh_ — (f(tkﬂ)—nyqukH)-n\r,

@ Where is the catch?
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

o Why is it better?
Sum viscous prediction 4 projection + use pressure correction:

ﬁ(3uk+l o 4uk + ukfl) + UV XV X uk+1 + vpk+1 — f(tk+1)’

Vbt =0, ol =o0.

@ This implies consistent equations for the pressure:
v2pk+1 _ f(tk+1); anpk-i-lh_ — (f(tkﬂ)—nyqukH)-n\r,

@ Where is the catch?
The tangent component of u
sub-optimality
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k+1 s still not correct! =




Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

Theorem (Guermond-Shen (2006))

With appropriate initialization,

luae — unellai@yey + luae — Baelleeeye < €(u,p, T) At

, 5
Ipar = patlle(z@)) + luae — Taclleqri)ey < c(u,p, T) At2.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

Theorem (Guermond-Shen (2006))

With appropriate initialization,

luae — unellai@yey + luae — Baelleeeye < €(u,p, T) At

IPat — patlle(z@) + luae — Uatlleqri@yey < c(u,p, T) At2.

@ Best convergence result proved so far.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

Theorem (Guermond-Shen (2006))

With appropriate initialization,

luae — unellai@yey + luae — Baelleeeye < €(u,p, T) At

IPat — patlle(z@) + luae — Uatlleqri@yey < c(u,p, T) At2.

@ Best convergence result proved so far.

@ Brown, Cortez, Minion (2001) proved similar result in a
periodic channel (Fourier analysis, 1D result).
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Rotational incremental pressure-correction schemes

Theorem (Guermond-Shen (2006))

With appropriate initialization,

luae — unellai@yey + luae — Baelleeeye < €(u,p, T) At

IPat — patlle(z@) + luae — Uatlleqri@yey < c(u,p, T) At2.

@ Best convergence result proved so far.

@ Brown, Cortez, Minion (2001) proved similar result in a
periodic channel (Fourier analysis, 1D result).

° ’OPEN QUESTION: ‘ can we regain the missing At37?
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Pressure-correction schemes . . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Numerical illu

Error field on pressure in a rectan-
gular domain (top) and on a circu-
lar domain (bottom

Jean-Luc Guermond Overview of fractional step techniques for NSE:




Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressu orrection schemes
Rotational incremental pressure-correction schemes

Numerical illu

5
_s Slope 2
T .

T
s —4 -3 -2 -1 0

Error field on pressure in a rectan- | Convergence rates on pressure in L°-norm at

gular domain (top) and on a circu- T = 2; B for the circular domain; + for the
lar domain (bottom square.
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Pressure-correction schemes

Generalization

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

o Set 0
*,k—+1

Luc Guermond

if r=20,
if r=1,

—pkt ifr=2.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Generalization

o Set 0 if r=0,
prkl={p if r=1,
2pk — pk=1 if r=2.

@ Step 1: Viscous prediction (arbitrary time stepping)

g—1
ﬁ(ﬁqakJrl_Z ﬂjukﬁ)_yvzakHJrvp*,kH _ f(thrl)? hasil
j=0
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Generalization

o Set 0 if r=0,
prktl = pX if r=1,
2pk — pk=1 if r=2.

@ Step 1: Viscous prediction (arbitrary time stepping)

g—1
ﬁ(ﬁqakJrl_Z ﬂjukﬁ)_yvzakHJrvp*,kH _ f(thrl)? hasil
j=0

@ Step 2: Projection
%(uk—i-l — k) 4 vkt = 0,

Vbt =0, o Ll =0,
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Generalization

o Set 0 if r=0,
prktl = pX if r=1,
2pk — pk=1 if r=2.

@ Step 1: Viscous prediction (arbitrary time stepping)

g—1
ﬁ(ﬁqakJrl_Z ﬂjukﬁ)_yvzakHJrvp*,kH _ f(thrl)? hasil
j=0

@ Step 2: Projection
Bq (, k+1  ~k+1 k+1
ﬁ(u * —u * )+v¢ + :07
V-uktt =0, uk+1-n]|— =0,
@ Step 3: Pressure correction
k+1 K1y ekl ng kel
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Implementation

@ The idea: Solenoidal velocity uk+!

eliminated

can be algebraically
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Implementation

@ The idea: Solenoidal velocity u**1 can be algebraically
eliminated

Step 1: Viscous prediction

qg—1
D nk+ 2~ k+1 k+1 k+1 Bi k—j ~ k41
Rt oV = £ (pH Y o) i e =

Jean-Luc Guermond Overview of fractional step techniques for NSEs



Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Implementation

@ The idea: Solenoidal velocity u**1 can be algebraically
eliminated

Step 1: Viscous prediction

qg—1
D nk+ 2~ k+1 k+1 k+1 Bi k—j ~ k41
At AN f(t+)—V<P*’++Z[7;¢ 1)7 ot =

Step 2: Projection
v2¢k+l %V'uk+17 8n¢k+l|r — 0’
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Implementation

*1 can be algebraically

@ The idea: Solenoidal velocity u¥
eliminated

Step 1: Viscous prediction

qg—1
D nk+ 2~ k+1 k+1 k+1 Bi k—j ~ k41
Rty = £ (pHE YT Gk ) B

Step 2: Projection
v2¢k+l %V'uk+17 8n¢k+l|r — 0’

Step 3: Pressure correction

pk—‘rl — ¢k+1 + p*,k-l—]. _ VV‘Zlk+1.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Implementation

*1 can be algebraically

@ The idea: Solenoidal velocity u¥
eliminated

Step 1: Viscous prediction

qg—1
D nk+ 2~ k+1 k+1 k+1 Bi k—j ~ k41
Rty = £ (pHE YT Gk ) B

Step 2: Projection
v2¢k+l %V'uk+17 8n¢k+l|r — 0’

Step 3: Pressure correction

pk—‘rl — ¢k+1 + p*,k-l—]. _ VV‘Zlk+1.

] ’ Extremely simple to implement‘
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Pitfalls

°p

*k+1 2

Pressure-correction schemes

p

k

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

k

— p¥~1 proposed by some authors!
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Pitfalls

*,k-+1 K

) = 2pk — p*~1 proposed by some authors!

@ No stability proof so far.
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

*,k-+1 K

) = 2pk — p*~1 proposed by some authors!
@ No stability proof so far.
@ Personal numerical evidence (Guermond (FE), Shen

(Spectral)) show that the scheme is unstable for At < ch? (or
At < cN~3). Never mentioned in any published paper!
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Pressure-correction schemes

non-incremental pressure-correction schemes
Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

*,k-+1 K

) = 2pk — p*~1 proposed by some authors!
@ No stability proof so far.
@ Personal numerical evidence (Guermond (FE), Shen

(Spectral)) show that the scheme is unstable for At < ch? (or
At < cN~3). Never mentioned in any published paper!

p*ktl = 2pk — pk=1is not recommended
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Anything new under the sun?

@ A scheme proposed by Kim and Moin (1986) is popular in the
CFD community.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Anything new under the sun?

@ A scheme proposed by Kim and Moin (1986) is popular in the
CFD community.

@ This scheme is written is a clumsy way < No convergence
analysis has been done.
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Pressure-correction schemes . _ . _
non-incremental pressure-correction schemes

Incremental pressure-correction schemes
Rotational incremental pressure-correction schemes

Anything new under the sun?

@ A scheme proposed by Kim and Moin (1986) is popular in the
CFD community.

@ This scheme is written is a clumsy way < No convergence
analysis has been done.

@ Actually, up to change of variables
(4 20 years later, Guermond-Shen (2006))
’Rotational incremental pressure-correction = Kim-l\/loin‘

Jean-Luc Guermond Overview of fractional step techniques for NSEs



Velocity-correction schemes )
> city-correction
Rotational ir ntal velocity-correction

Velocity-correction schemes: The idea

@ Rewrite all the previous algorithms by adopting a dual view
point:
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The idea
Velocity-correction schemes Non-incremental Vi correction

Increm city-cor on
Rotational i ntal velocity-correction

Velocity-correction schemes: The idea

@ Rewrite all the previous algorithms by adopting a dual view
point:

= Switch viscous diffusion and projection.
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The idea

Velocity-correction schemes Non-incremental Vi correction
Increm city-cor on
Rotational i ntal velocity-correction

Velocity-correction schemes: The idea

@ Rewrite all the previous algorithms by adopting a dual view
point:
= Switch viscous diffusion and projection.

= Correct the velocity instead of correcting the pressure.
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The idea

Velocity-correction schemes Non-incremental Velocity-correction
Incremental v y-correction
Rotational i ntal velocity-correction

Non-incremental Velocity-correction

@ Step 1: Projection
ﬁ(uk-i-l _ ak) + Vpk+1 — f(tk—H)’

Vuktt =0, =0,
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The idea

Velocity-correction schemes Non-incremental Velocity-correction
Incremental vel
Rotational incremental velocity-correction

Non-incremental Velocity-correction

@ Step 1: Projection
ﬁ(uk-i-l _ ak) + Vpk+1 — f(tk—H)’
Vouktl =0, okl =0,

@ Step 2: Velocity correction by diffusion

ﬁ(ak-ﬁ-l o uk+1) o Vsz'lk-i-l — 07 ak-‘rl‘r —-0.
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The idea

Velocity-correction schemes Non-incremental Velocity-correction
Incrementa -correction
Rotational inc tal velocity-correction

Non-incremental Velocity-correction

@ Step 1: Projection

{ A (U = B) + VPR = (£,

Vuktt =0, =0,

@ Step 2: Velocity correction by diffusion

Alt(ak-i-l o uk+1) o Vsz'lk-i-l — 0, ak-‘rl‘r —-0.

Theorem (Guermond-Shen(2003))

luae — uaclleo(r2gey + luar — Gacllee 2@y < c(u, p, T) At,

IPac — Paelles(izq)) + luae — Baellpo ey < c(u, p, T) AtY
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Velocity-correction schemes emental Velocity-correction
Incremental velocity-correction
Rotational incremental velocity-correction

Incremental Velocity-correction

@ Step 0: r-th order extrapolation, u**+1 = Z};& yjuk.
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Velocity-correction schemes Non-inc ental Veloci
Incremental velocity-correc
Rotational incremental velocity-correction

Incremental Velocity-correction

@ Step 0: r-th order extrapolation, u**+1 = Z};& yjuk.
@ Step 1: Projection

qg—1
ﬁ (BqukJrl _ Zﬁjak*.l> _ szu*’k+1 + vpk+1 _ f(t_k+1)7
j=0

J
V.l =0, uk+1~n|r —0,
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Velocity-correction schemes

Rotational incremental velocity-correction

Incremental Velocity-correction

@ Step 0: r-th order extrapolation, u**+1 = Z};& yjuk.
@ Step 1: Projection

qg—1
ﬁ (BqukJrl _ Zﬁjak*.l> _ szu*’k+1 + vpk+1 _ f(t_k+1)7
j=0

J
V-uktt =0, u* Tl =0,
@ Step 2: Velocity correction by diffusion

%(ak—}—l _ uk+1) _ sz(ak-i-l _ E’*J(—}—l) — O, Z'lk+1|r — 0
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The idea

Velocity-correction schemes Non-incremental Velocity-correction
Incremental velocity-correction
Rotational incremental velocity-correction

Incremental Velocity-correction

@ Step 0: r-th order extrapolation, u**+1 = Z};& yjuk.
@ Step 1: Projection

qg—1
ﬁ (BqukJrl _ Zﬁjﬂk*.l> _ VV2D*,/(+1 + vpk+1 _ f(t_k+1)7
j=0

J
V.uktl = 0, uk+1-n|r — 0,
@ Step 2: Velocity correction by diffusion
%(ak—}—l _ uk+1) _ sz(ak-i-l _ E’*J(—‘rl) — O, Z'lk—|—1|r — 0

Theorem (Guermond-Shen (2003))

For (q,r) = (2,1) )
luae — uaellequz@)e) + lluae = daclleqe@)ey < c(u,p, T) At?,

luae = Tatllgerr(a)) + IPar — Pacllee(2@)) < c(u,p, T) At.
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Velocity-correction schemes

Rotational incremental Velocity-correction

@ Step 0: r-th order extrapolation, u**+1 = Z};& yjuk.
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Velocity-correction schemes

Rotational incremental velocity-correction

Rotational incremental Velocity-correction

@ Step 0: r-th order extrapolation, u*k*! = ZJ(;& ’YjUk_j.
@ Step 1: Projection
g—1
ﬁ(ﬁquk+1 _ Z /Bjﬂk*j) + UV x VXE*,kJrl + vpk+1 _ f(tk+1),

J
Vol =0, uk+1~n|r —0,
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Velocity-correction schemes

Rotational incremental velocity-correction

Rotational incremental Velocity-correction

@ Step 0: r-th order extrapolation, u*k*! = ZJ(;& ’YjUk_j.
@ Step 1: Projection
g—1
ﬁ(ﬁquk+1 _ Z /Bjﬂk*j) + UV x VXE*,kJrl + vpk+1 _ f(tk+1),

J
V-uktt =0, kTl =0,
@ Step 2: Velocity correction by diffusion

Ba (F - gk )y V2 U Uikt = 0, gkt = 0.
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The idea

Velocity-correction schemes Non-incremental Velocity-correction
Incremental velocity-correction
Rotational incremental velocity-correction

Rotational incremental Velocity-correction

@ Step 0: r-th order extrapolation, u*k*! = ZJ(;& ’YjUk_j.
@ Step 1: Projection
g—1
ﬁ(ﬁquk+1 _ Z /Bjﬂk*j) + UV x vxa*,kJrl + Vpk+1 _ f(tk+1),

J
Vuktt =0, =0,
@ Step 2: Velocity correction by diffusion
R (@ k) VRV Utk = 0, @kt = 0.

Theorem (Guermond-Shen (2003))

With (q,r) = (2,1) ] 2
lluar — uAtng([p(Q)]d) + |luar — uAtng([lg(Q)]d) < c(u,p, T) At7,

luae — Baelleqrriye) + IPac — Paclleqz@) < c(u,p, T) At3/2.
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Velocity-correction schemes

Rotational incremental velocity-correction

Implementation

@ Solenoidal velocity can be algebraically eliminated
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Velocity-correction schemes on- enta i orrection
Incremental veloci ion
Rotational incremental velocity-correction

Implementation

@ Solenoidal velocity can be algebraically eliminated
@ Step 0: Extrapolation, u®k+1 pekt+l okl — =

Jean-Luc Guermond Overview of fractional step techniques for NSEs



Velocity-correction schemes on- e eloci orrection

Rotational incremental velocity-correction

Implementation

@ Solenoidal velocity can be algebraically eliminated
@ Step 0: Extrapolation, u®k+1 pekt+l okl — =
o Step 1: Projection

V2Rt = v (kL - Rt g Rttt g (e — okt

Ond* T Hr =0,
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Velocity-correction schemes

Rotational incremental velocity-correction

Implementation

@ Solenoidal velocity can be algebraically eliminated
@ Step 0: Extrapolation, u®k+1 pekt+l okl — =
o Step 1: Projection

V2Rt = v (kL - Rt g Rttt g (e — okt

Ond* T Hr =0,

@ Step 2: Compute (correct) the pressure

PRHL = pkt1l _ ekl g gkl
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Velocity-correction schemes

Rotational incremental velocity-correction

Implementation

Solenoidal velocity can be algebraically eliminated
Step 0: Extrapolation, u®kt1 pokt+l froktl —
Step 1: Projection

V2Rt = v (kL - Rt g Rttt g (e — okt

Ond* T Hr =0,

e ©

(]

Step 2: Compute (correct) the pressure

PRHL = pkt1l _ ekl g gkl

Step 3: Correct (compute) the velocity

D ~k+1 20kl _ prktl [ Y SE
AU T = vVEIT = f(t°77) = Vp o r=0.
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Velocity-correction schemes on- enta i orrection
Incremental veloci ion
Rotational incremental velocity-correction

Anything new under the sun?

@ Velocity-correction scheme perform as well as (or as badly as)
their pressure-correction counterpart.
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Velocity-correction schemes 0 enta correction
y-correction
Rotational incremental velocity-correction

Anything new under the sun?

@ Velocity-correction scheme perform as well as (or as badly as)
their pressure-correction counterpart.

@ Choosing velocity-correction vs. pressure-correction is a
matter of personal taste.
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Velocity-correction schemes on- e eloci orrection

Rotational incremental velocity-correction

Anything new under the sun?

@ Velocity-correction scheme perform as well as (or as badly as)
their pressure-correction counterpart.

@ Choosing velocity-correction vs. pressure-correction is a
matter of personal taste.

@ Same pitfalls as for pressure-correction: second-order
extrapolation of velocity not recommended (although
advertised in literature)
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Velocity-correction schemes on- e eloci orrection

Rotational incremental velocity-correction

Anything new under the sun?

@ Velocity-correction scheme perform as well as (or as badly as)
their pressure-correction counterpart.

@ Choosing velocity-correction vs. pressure-correction is a
matter of personal taste.

@ Same pitfalls as for pressure-correction: second-order
extrapolation of velocity not recommended (although
advertised in literature)

@ Up to changes of variable Velocity-correction schemes are
identical to (clumsy) schemes proposed by Orszag, Israeli,
Deville (1986) and Karniadakis, Israeli, Orszag (1991)
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The idea
Consistent splitting in standard form
C

Consistent splittin A AR o . .
P g 1sistent splitting in rotational form

Consistent splitting: The idea

@ Replace the constraint V-u =0 by V-u; = 0.
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The idea
Consistent splitting in standard form

Consistent splittin S AR o . .
P g Consistent splitting in rotational form

Consistent splitting: The idea

@ Replace the constraint V-u =0 by V-u; = 0.
@ Observe that (u;, Vq) = —(V-us,q) = 0, Vg € HY(Q)
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The idea
Consistent splitting in standard form

Consistent splittin S AR o . .
P g Consistent splitting in rotational form

Consistent splitting: The idea

@ Replace the constraint V-u =0 by V-u; = 0.
@ Observe that (u;, Vq) = —(V-us,q) = 0, Vg € HY(Q)
@ That is to say:

/ Vp-Vq= /(f+ vV2u)-Vq, Vqe HY(Q).
Q Q
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The idea
Consistent splitting in standard form

Consistent splittin S AR o _ .
P g Consistent splitting in rotational form

Consistent splitting in standard form

@ Step 0: r-th order extrapolation of pressure,

k H —
et = LB pe 72

p
3pk —3pk—1 4 pk=2 if r =3.
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The idea
Consistent splitting in standard form

Consistent splittin S AR o _ .
P g Consistent splitting in rotational form

Consistent splitting in standard form

@ Step 0: r-th order extrapolation of pressure,

k H —
et = LB pe 72

3pk —3pk—1 4 pk=2 if r =3.
@ Step 1: Compute velocity,

%uk—l-l _ Vv2uk+]. + vp*,k-l—l — f‘(t_k-ﬁ-l)7 uk+1|r — O,

p
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The idea
Consistent splitting in standard form

Consistent splittin S AR o _ .
P g Consistent splitting in rotational form

Consistent splitting in standard form

@ Step 0: r-th order extrapolation of pressure,

k .
p if r=1,
pHitt = {2pk — ph-l if r=2,
3pk —3pk1 4 pk=2 if r=3

@ Step 1: Compute velocity,

%uk—l-l _ Vv2uk+]. + vp*,k-l—l — f‘(t_k-ﬁ-l)7 uk+1|r — O,

@ Step 2: Compute pressure,

(VP Vq) = (F(t51) + vV2uk Tt Vq), Vg e HY(Q).
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The idea
Consistent splitting in standard form

Consistent splittin ESr: AR o _ .
P g Consistent splitting in rotational form

Consistent splitting in standard form

@ Step 0: r-th order extrapolation of pressure,

k .
p if r=1,
pritt = {opk — pk-t if r =2,
3pk —3pk1 4 pk=2 if r=3

@ Step 1: Compute velocity,

%uk—l-l _ Vv2uk+]. + vp*,k-l—l — f‘(t_k-ﬁ-l)7 uk+1|r — O,

@ Step 2: Compute pressure,

(VP Vq) = (F(t51) + vV2uk Tt Vq), Vg e HY(Q).

Theorem (Guermond-Shen (2003))

Forg=r=2, luar — uacell @)y < A%,
luar = uacllpo(rr@)e) + IPae — Pacllee(2(n)) S At ot
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Consistent splitting in rotational form

@ Step 0: r-th order extrapolation of pressure,

*k+1 _ gpk _ k-1 ifr=

p
3pk —3pk—1 4 pk=2 if r = 3.
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Consistent splitting in rotational form

@ Step 0: r-th order extrapolation of pressure,

p if r=1,
p*7k+1 — 2pk _ k-1 if r=2,
3pk —3pk—1 4 pk=2 if r = 3.

@ Step 1: Compute velocity,

%uk-i-l o I/V2Uk+1 + Vp*’k+1 _ f:(t.k—i-l)7 uk-i-l’r — 0,
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Consistent splitting in rotational form

@ Step 0: r-th order extrapolation of pressure,

p if r=1,

prktl = L Dpk — pk—1 if r=2,
k k—1 k—2

3p* —=3p" T+ p7° ifr=3

@ Step 1: Compute velocity,

%uk-i-l o I/V2Uk+1 + Vp*’k+1 _ f:(t.k—i-l)7 uk-i-l’r — 0,

@ Step 2: Compute pressure,

(VP vq) = (F(t* )+ vV x Vxuktt, Vq), Vg e HY(Q).
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Consistent splitting in rotational form

@ Step 0: r-th order extrapolation of pressure,

p if r=1,

prktl = L ppk — pk-1 if r=2,
k k—1 k—2

3p* —=3p" T+ p7° ifr=3

@ Step 1: Compute velocity,

%uk-i-l o I/V2Uk+1 + Vp*’k+1 _ f:(t.k—i-l)7 uk-i-l’r — 0,

@ Step 2: Compute pressure,

(VP vq) = (F(t* )+ vV x Vxuktt, Vq), Vg e HY(Q).

Theorem (Guermond-Shen (2003))

Forq=2,r=1 ¥
luat = uatllpo @) + IPat — Patlle~(2(0)) < At
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Conjecture

For g = r = 2 the following holds

luae — vaelle(rrye) + IPar — Pallee(izi)) S AL
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Conjecture

For g = r = 2 the following holds

luae — vaelle(rrye) + IPar — Pallee(izi)) S AL

@ Numerical evidences that the rotational consistent scheme is
fully second-order (and stable VAt).
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Implementation

@ The idea: Algebraic combination to avoid computing
(V x Vxuktl vq).

Jean-Luc Guermond Overview of fractional step techniques for NSEs



The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Implementation

@ The idea: Algebraic combination to avoid computing
(V x Vxuktl vq).

@ Step 0: r-th order extrapolation of pressure, p*kt1 = ..
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Implementation

@ The idea: Algebraic combination to avoid computing
(V x Vxuktl vq).

@ Step 0: r-th order extrapolation of pressure, p

@ Step 1: Viscous prediction,

k+1
DuAt . Vv2uk+1 — f‘(tk+1) . vp*,k—O—l’ uk+1|r — 0’

o k+1
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Implementation

@ The idea: Algebraic combination to avoid computing
(V x Vxuktl vq).

@ Step 0: r-th order extrapolation of pressure, p

@ Step 1: Viscous prediction,

k+1
DuAt . Vv2uk+1 — f‘(tk+1) . vp*,k—O—l’ uk+1|r — 0’

o k+1

@ Step 2: Projection,
(Vo Vg) = (£, Vq), Vge HY(Q),
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Implementation

@ The idea: Algebraic combination to avoid computing
(V x Vxuktl vq).

@ Step 0: r-th order extrapolation of pressure, p

@ Step 1: Viscous prediction,

k+1
DuAt . Vv2uk+1 — f‘(tk+1) . vp*,k—O—l’ uk+1|r — 0’

o k+1

@ Step 2: Projection,
(Vo Vg) = (£, Vq), Vge HY(Q),

o Step 3: Correct the pressure,

pk+1 _ wk+1 + p*,k+1 A VAT
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The idea
Consistent splitting in standard form

Consistent splitting Consistent splitting in rotational form

Anything new under the sun?

@ Up to change of variables consistent splitting is identical to
the gauge method proposed by E and Liu(2003)
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Discretization
Poisson vs. Darcy

. S C nce estimates
Space discretization

Discretization

@ In all the above algorithms there are
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Discretization
isson vs. Darcy

. S ence estimates
Space discretization =

Discretization

@ In all the above algorithms there are
(i) A viscous step
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Discretization
isson vs. Darcy

. S ence estimates
Space discretization =

Discretization

@ In all the above algorithms there are
(i) A viscous step
(ii) A projection
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Discretization
s. Darcy

. S nce estimates
Space discretization

Discretization

@ In all the above algorithms there are
(i) A viscous step
(ii) A projection

@ Introduce a discrete space X, C [H3(2)]? to approximate the
viscous velocity (or some suitable nonconforming space).
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Discretization
s. Darcy

. S nce estimates
Space discretization

Discretization

@ In all the above algorithms there are
(i) A viscous step
(ii) A projection

@ Introduce a discrete space X, C [H3(2)]? to approximate the
viscous velocity (or some suitable nonconforming space).

o Approximate 7%+l in X
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Discretization
on vs. Darcy

. S 1ce estimates
Space discretization

Discretization

@ In all the above algorithms there are
(i) A viscous step
(ii) A projection

@ Introduce a discrete space X, C [H3(2)]? to approximate the
viscous velocity (or some suitable nonconforming space).

o Approximate 7%+l in X

@ Introduce a discrete space M, C H(Q) to approximate the
pressure (or some suitable nonconforming approximation of

L2(Q))
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Discretization
S s. Darcy

. S nce estimates
Space discretization

Discretization

@ In all the above algorithms there are
(i) A viscous step
(ii) A projection

Introduce a discrete space Xj, C [H3(Q)]9 to approximate the
viscous velocity (or some suitable nonconforming space).

Approximate &K1 in X,

Introduce a discrete space M, C H1(Q) to approximate the
pressure (or some suitable nonconforming approximation of
L2(Q))

Approximate ¢¥*1 and p¥t1in X,
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Discretization
isson vs. Darcy

. S ence estimates
Space discretization =

LBB condition

@ Define the discrete divergence By : X, — M,

(Bhvhy qn) = —(V-vp, qn)
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Discretization
on vs. Darcy
. S 1ce estimates
Space discretization

LBB condition

@ Define the discrete divergence By : X, — M,

(Bhvhy qn) = —(V-vp, qn)

@ Assume that the pair (Xp, Mp) is s.t. By : Xy —> M}, satisfies
the LBB condition, i.e., By surjective + right-inverse
uniformly bounded
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Question: How should the projection step be approximated?
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Question: How should the projection step be approximated?

URHL gkt — gkt

Vuktt =0, u*tlpr=0

Darcy/Mixed problem
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Discretization
Poisson vs. Darcy

N I Conv 1ce estimates
Space discretization

Poisson vs. Darcy

@ Question: How should the projection step be approximated?

uktt vkt = pett V2pk+l — vkt

V-uk-‘rl — O, uk+1.n‘r =0 6n¢k+1|r -0

Darcy/Mixed problem  or Poisson problem
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Discretization
Darcy

. S 1ce estimates
Space discretization

Poisson vs. Darcy

@ Question: How should the projection step be approximated?

uktt vkt = pett V2pk+l — vkt

V-uk-‘rl — O, uk+1.n‘r =0 6n¢k+1|r -0

Darcy/Mixed problem  or Poisson problem

@ Issue hotly debated in the literature.
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Discretization
Darcy

. S 1ce estimates
Space discretization

Poisson vs. Darcy

@ Question: How should the projection step be approximated?

uktt vkt = pett V2pk+l — vkt

V-uk-‘rl — O, uk+1.n‘r =0 6n¢k+1|r -0

Darcy/Mixed problem  or Poisson problem
@ Issue hotly debated in the literature.

@ Answer: Both are acceptable and yield the same convergence
results if properly done.
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Introduce a discrete space Y}, with the following properties:
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Introduce a discrete space Y}, with the following properties:
(i) Xy C Vi C [L2(Q)]9, (in : Xn —> Yp natural injection)
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Discretization
Darcy

. S nce estimates
Space discretization

Poisson vs. Darcy

@ Introduce a discrete space Y}, with the following properties:
(i) Xy C Vi C [L2(Q)]9, (in : Xn —> Yp natural injection)
(ii) There is an operator Cp, that extends By, i.e., the
following diagrams commute:

B, BF
Xh Mh )(,/7 Mh
in Ch i/7T Ci;F
Yy Y,
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Discretization
Darcy

. S nce estimates
Space discretization

Poisson vs. Darcy

@ Introduce a discrete space Y}, with the following properties:
(i) Xy C Vi C [L2(Q)]9, (in : Xn —> Yp natural injection)
(ii) There is an operator Cp, that extends By, i.e., the
following diagrams commute:

By BT
Mi, X! :

Xh Mh

i Ch i cr

Yh
(iii’s There exists ¢ > 0 s.t., for all g, in Mp,

1C anllizi) < cllanllnge
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Approximate the solenoidal velocity u**! in Y}
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Discretization
Poisson vs. Darcy

N I Convergence estimates
Space discretization =

Poisson vs. Darcy

@ Approximate the solenoidal velocity u**! in Y}

@ Y}, is user-dependent. Depends on the user’s taste (Guermond
(1996)).
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Discretization
Poisson vs. Darcy
N I Conv 1ce estimates
Space discretization

Poisson vs. Darcy

@ Approximate the solenoidal velocity u**! in Y}

@ Y}, is user-dependent. Depends on the user’s taste (Guermond
(1996)).

@ Example 1: Y, = X, + VM, C = V|pm,.
= Projection is approximated I|ke a Poisson problem in usual

weak form.
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Discretization
Darcy

. S nce estimates
Space discretization

Poisson vs. Darcy

@ Approximate the solenoidal velocity u**! in Y}

@ Y}, is user-dependent. Depends on the user’s taste (Guermond
(1996)).

@ Example 1: Y, = X, + VM, ChT =Vim,.
= Projection is approximated like a Poisson problem in usual
weak form.

) Example 2: Yh = Xh, Ch = Bh-
= So-called inexact factorization methods (Perot (1993),
Quarteroni et al. (1999), ...)
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Space discretization

Poisson vs. Darcy

Approximate the solenoidal velocity u**1 in Y,

@ Y}, is user-dependent. Depends on the user’s taste (Guermond
(1996)).

@ Example 1: Y, = X, + VM, ChT =Vim,.
= Projection is approximated like a Poisson problem in usual
weak form.

) Example 2: Yh = Xh, Ch = Bh-
= So-called inexact factorization methods (Perot (1993),
Quarteroni et al. (1999), ...)

@ Example 3: Y} Raviart-Thomas or Brezzi-Douglas-Marini like

space

= Projection is approximated like a Darcy problem, (Azaiez,

Bernardi (1993), ...)
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Discretization
Poisson vs. Darcy

. - Convergence estimates
Space discretization g

Convergence estimates

Theorem (Guermond (1996), (1999))

Using Xy, Yn, and My, as above yields optimal convergence in
space for all pressure-correction schemes in standard form (+ usual
estimates in time).
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Discretization
Poisson vs. Darcy

. - Convergence estimates
Space discretization g

Convergence estimates

Theorem (Guermond (1996), (1999))

Using Xy, Yn, and My, as above yields optimal convergence in
space for all pressure-correction schemes in standard form (+ usual
estimates in time).

>

Theorem (Guermond-Shen-Xiaofeng Yang (2007))

Using Xy, Yn, and My as above yields optimal convergence in
space for all velocity-correction schemes in standard and rotational
form (+ usual estimates in time).
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Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.
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Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.
@ Be suspicious about any splitting method that claims
3
convergence order (in Hl-norm) > O(At?).

Jean-Luc Guermond Overview of fractional step techniques for NSEs



Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.

@ Be suspicious about any splitting method that claims
convergence order (in H-norm) > (’)(At%).

@ Issues not discussed:
(i) Is the Neumann BC on ¢**1 essential or natural? natural.
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Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.

@ Be suspicious about any splitting method that claims
convergence order (in H-norm) > (’)(At%).

@ Issues not discussed:

(i) Is the Neumann BC on ¢**1 essential or natural? natural.
(i) Is LBB necessary? yes.
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Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.

@ Be suspicious about any splitting method that claims
3
convergence order (in Hl-norm) > O(At?).

@ Issues not discussed:
(i) Is the Neumann BC on ¢**1 essential or natural? natural.
(i) Is LBB necessary? yes.
(iii) Does inexact factorization short-cut the Neumann BC
issue? No
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Conclusions

Conclusions

@ Splitting algorithms are fast and easy to implement.

@ Be suspicious about any splitting method that claims
3
convergence order (in Hl-norm) > O(At?).

@ Issues not discussed:
(i) Is the Neumann BC on ¢**1 essential or natural? natural.
(i) Is LBB necessary? yes.
(iii) Does inexact factorization short-cut the Neumann BC
issue? No
(iv) Does all that work for open BCs? Not so well
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Conclusions

Open issues

@ Can splitting schemes do well with open BCs?
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Conclusions

Open issues

@ Can splitting schemes do well with open BCs?
@ Is the consistent scheme (Gauge method) truly O(At?)?
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Conclusions

Open issues

@ Can splitting schemes do well with open BCs?
@ Is the consistent scheme (Gauge method) truly O(At?)?
@ Does there exist a splitting scheme that is truly O(At?)?
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