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Navier-Stokes equations for incompressible fluid
flow

Given x € Q C R? and t > 0.
Velocity and pressure fields u = u(x, t) € R%, p = p(x, t) € R are
solution of

Oru+div(u®u) — Au/Re+ Vp ="Ffin Q,
divu =0 in Q,

u =g on 09,

u=ugatt=0.
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Backward F.D. scheme + Projection method (1/2)
Let 6t > 0. Given u*(x) ~ u(x, tx) and p*(x) = p(x, t), tx = kdt,

we solve the prediction step :

s _;(;‘: FUT NG Re = —pt 4 i1

—2 div(u* @ u¥) +div(u* T @ uf),
0 on=g.
then the projection step :
uftt = Gftt — 251 V(5pFt) /3

=0

(uk+1 _ ﬁk+1) log .n = 0.

with 5Pk+1 — pk+1 _ Pk.
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Backward F.D. scheme + Projection method (2/2)

Pressure increment §p<t! is solution of :

A (6p*FY) = 3div ot /26t
On (6P*) o= 0,

At each iteration, ;’“*1
1. solve prediction step, 1023

Space of divergence free velocity fields
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M.A.C. Scheme : position of unknowns

Let Q = (0,L) x (0, H).

We consider £ = L/ny, h= H/np, x; =i and y; = j h.

where

pij(t) ~ (p(.
A A
I I
+ o o
A A
I I
-+ O (0]
A A
I I

— U

(I
op

Kij=Ixi—1, xi] X [yj-1, yl

vij(t) =~ (v(

) t)>K/.yj+%7
1
(W) = |K|/KW(X) dx.

@ F.H. Harlow and J.E.
Welch, Numerical calculation of time-
dependent viscous incompressible flow of
fluid with free surface, Phys. Fluids
8, 1965.
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Taking into account the obstacle

Rectangular domain Q.

The obstacle Q° is bounded by
a closed curve T,

QF
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Position of unknows
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Far away from the obstacle : second order centered
discretization (e ——

M.A.C. Scheme

Near the obstacle :

Immersed boundar

{ Au : first order Finite Difference approximation et
div(u®u) : first order Finite Volume approximation

@ N. Matsunaga and T.

Solver

Yamamoto, Superconvergence Numerical results
of the Shortley-Weller approxima- linear elliptic Second order
tion for Dirichlet problems, J. accurate

Comp. Appl. Math. 116,
2000.



Discretization of the prediction step :

Au

First-order Finite Difference approximation is exact on Ry[X, Y].

V={O,N,S E,W,P}

> O the position of v},

» N,S, E, W among
unknowns close to O or
on the board T,

> P arbitrarily chosen

Find coefficients aps such that :

Z apmu(M) =

Mey

T = 1
| |
\N }
|
0\< |
|
_
|

S
P

Au(0) + O(h).
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Discretization of the correction step : div u (1/2)

// divudx=/ u.ndS
R,'Y!' aki,j
=/ udS —/ udS
a"f"jﬂQF a’!’_l,]ﬂQF

+/ vdS—/ vdS—i—/Au.ndS,
of ;NQF oV . NQF AB

5 =1l

with AB =T N K; ;.
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Discretization of the correction step : div u (2/2)

Vi j§

e Assuming h < radius of curvature of I :

/A undS ~ u.ndS
AB [AB]

o Lg((A+ B)/2>.n,-7j.

o/ udS=~r'; huj and / vdS=r/; hv ;.
; ;
af ,NQF oy ,NQF

(Dobsu)i,j = h (rfjui,j — rily jui-1,j) +h (r;
+Lg((A+B)/2).ni;
(Dobs ) i+ D:Sljpp

v
jVii = i7j—1VI,J—1)
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Discretization of the correction step : P,Gdp

Gp

Without

_ ( (pi+1,j

(Pi,j+1 -

— pi,j)/h
pij)/h

)

With
—\r------ q
pa ] Pit1j i
Uij !
LT
DPij—1 pi+1]—1\
x
0 3 h? "
D, (Po(G5P)) = o Do)
. 20t
= u=i-g h2P¢(G5p)

= Dobs(u) =0
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Obstacle — nonsymmetric linear system

e lterative methods for solving linear systems
Cut cells — ill-conditioned linear systems
— slow convergence
— simulation on coarse mesh
— simulations of flow at moderate Reynolds

e Direct method for solving linear systems

Unmoving obstacle : @ B.L. Buzbee

» Preprocessing step : O(n?) F.W.Dorr, J.A. George
operations, once per simulation. and G.H. Golub, The direct

Solver

solution of the discrete Poisson

> Every iteration : O (n?logn)
operations (idem without
obstacle).

equation on irregular regions, J.

Num. Anal. 8, 1971.
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Laminar flows icolas

t@ R. Bouard and M. N-S eq. fo

r
ncompressible fluid

Coutanceau, Experimental deter- flows

Time discretization

mination of the main features of the M.A.C. Scheme

viscous flow in the wake of a circular

l cylinder in uniform translation, J.
Immersed boundary

Fluid Mech. 79, 1977. nethods
Z 1l C
Forces/obstacle = EpAuoo ( C‘: )

Numerical scheme

Authors Re =40 r 3
Cy 0 ] a b comactonstap
Bouard et al 538 213 0.76 059
Calhoun 1.62 542 218
Dennis et al 152 538 235
Fornberg 1.50 556 224
Linnick et al 1.54 536 228 0.72 0.60
Taira et al 155 541 0.73 0.60
Present study | 1.50 53.4 226 0.710 0.60




. Fluid flows around
Numerical results : Re = 9 500 obstackes  22/26
Nicolas JAMES
Q = (-5,5) x (—2.5,2.5), obstacle = disk, D =1
Non-uniform grid, 3072 mesh points in each direction
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Figure: Evolution of the boundary layer : comparison with experimental
results.



Numerical results : flow past a NACA airfoil

Figure: Flow behind NACA 0012 at Re = 1 000, incidence 34° :
comparison with experimental results
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Conclusion and prospects

Accurate (second order)
and fast (efficient solver)
new cut cell method.

1. Three Dimensional flows
2. Coupling with :

H-box method (avoid the small cell problem, 6t )
Turbulence model (flows at high Re)

Local grid refinement

Domain decomposition

Yy vy VY

DA
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