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Context

m We consider (simple) particle systems ~ toy models for
the evolution of cells or bacteria.

e Each particle grows by ingesting a common nutrient.
e After some time, each particle gives rise to two offsprings
by cell division.

m We structure the model by state variables like size, growth
rate and so on.

e Deterministically, the density of structured state variables
evolves according to a fragmentation-transport PDE.

e Stochastically, the particles evolve according to a PDMP
that evolves along a branching tree.
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Toy model : size-structured populations
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m n(t, x) : density of cells of size x. ST

m Parameter of interest : Division rate B(x).
m 1 cell of size x gives birth to 2 cells of size x/2.

m The growth of the cell size by nutrient uptake is given by a
growth rate g(x) = 7x (for simplicity).



Structured populations (cont.)
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den(t, x) + Ox (Txn(t, x)) + B(x)n(t, x) = 4B(2x)n(t, 2x) : - 7LH

with n(t,x =0) =0, t > 0 and n(0, x) = n(®(x), x > 0.
m obtained by mass conservation law :

e LHS : density evolution + growth by nutrient 4 division of
cells of size x.
e RHS : division of cells of size 2x.

m Several extensions...



Objectives

m Main goal : estimate non-parametrically B from
genealogical data of a cell population of size N living on a
binary tree.

m Avoid an inverse problem (cp. Doumic, Perthame, Zubelli,
2009 & Doumic, H., Reynaud, Rivoirard, 2012) thanks to
richer data set.

m Reconcile the deterministic approach with a rigorous

statistical analysis (relaxing the steady-state
approximation).
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FI1GURE : Evolution of a E. Coli population.
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FIGURE : Evolution of a E. Coli population.
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FI1GURE : Evolution of a E. Coli population.
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Strategy

m Construct a stochastic model accounting for the stochastic
dependence structure on a tree for which the empirical
measure of N particles solves the fragmentation-transport
equation (in a weak sense).

m Develop appropriate statistical tools to estimate B.

m Additional difficulty & goal : incorporate growth variability
(each cell has a stochastic growth rate inherited from its
parent).
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Result 1
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where X;=size and V;=growth rate of living cells at time )

t (inherited from their parent according to a kernel p).
n(t,-) :==E [ 3272 0x,(t),vi(r)] is a (weak)-solution of an
extension of the transport-fragmentation equation :

den(t, x,v) + v Ox(x n(t,x, v)) + B(x)n(t, x, v)
= 4 [p(V,dv)n(t,2x,dV").

m The initial framework g(x) = 7x is retrieved as soon as
p(dv) = ,(dv)



Result 2

m Genealogical data : we observe size+variability
(&us Tu)ueuy» Where Uy is a (connected) subset of size N
of the binary tree U = Uk>0{0, 1}X.

m Main result : We can construct an estimator
(Bn(x),x > 0) of the s-regular division rate B(x) s.t.

E [HEN N BH%2 ]1/2 5 (|og N)N—s/(25+1)
loc
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Numerical implementation and effect of variability

Statistical
n=2047, B(x)=x2, the growth rate distribution s uniform on [0.5,1.5], plain tree Itr::le's';)f)ercl,n
40 fragmentation
-------- distribution of all cell sizes | equations
35 —distribution of size at division ‘

—true division rate
30} estimated division rate with variability
—estimated division rate without variability

i mer - Simiilated A-a+4a



Comparison with the inverse problem approach

"Inverse Problems" method, B(x):xz, n=2047, 50 simulations
507

—trueB
——reconstructed B from a sample of 2047 cells

=
S

FIGURE : Exploration on simulated data via the global approach
(inverse problem), N = 3000.
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Numerical implementation

----- B - plain tree
— Vg plain tree
---B - sparse tree
0,25~ Vg - SParse tree

4
Size (u m)
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FIGURE : Exploration on real-data. Sparse tree, N =~ 3000.



Statistical estimation
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= We have X

P(Cy € [t, t+dt] ¢y > t,&u = x) = B(xe™")dt

from which we obtain the density of the lifetime (,-
(lifetime of the parent u™) conditional on §,~ = x and
Ty- =V

t ~ B(xe"") exp ( - /Ot B(xe"s)ds).




Toward a Markov kernel
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P (& € dx"&u— =X, Ty~ = V) Doumic, N
B(2x

! Robert)

)l{x’>x/2} exp ( //2 %ds) dX/.

m We obtain a simple an explicit representation for the
transition kernel on § = [0,00) X &,

Pe(x,dx") = Pg((x,v),x', dv')dx’




The explicit transition

m The formula is given by

Pa((x,v), X', dv')dx’

_B(2 x
— ( X )I{X/>X/2} exp ( — // BE/ZSS) ds)p(v,dv').
x/2

/

m p(a,da’) : appropriate Markov kernel on £.

m Under appropriate conditions on B, the Markov chain on
S =[0,00) x & is geometrically ergodic. (It is however not
reversible.)
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|dentifying B through the invariant measure
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ve(dx) = vg(x, dv)dx i

i.e. such that vgPg = vp.

m More precisely, we have a contraction property

sup [Phg(x) - / g(2)vs(dz)| < RV(x)*
lg|<V S

for some v < 1 locally uniformly in B for an appropriate
Lyapunov function V.



|dentifying B through the invariant measure

VB(.ya dV,)
:/ ve(x, dv)dx Pg((x,v),y,dV)
S

2y y /
_ B(y) | [ vetxdvyaes (~ [ 2 plv. dv)
y £JO x/2

“Survival analysis trick”
y 0 v ,
exp (— / Bsis) ds) = / 735/255) exp (— / 735/2; )ds’) ds
X y x/2

and Pg is involved in the RHS again...
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|dentifying B through the invariant measure

m We obtain

B(2y) 2
vg(y,dv') y// vg(x,dv)d

/ B(2s) exp ( B /5 B(2f )dsl) dsp(V7 dvl)
y vs /2 vs

— B(2y) 1 V—l
y S [0700) {X§2y752y}
ve(x, dv)dx Pg((x, v),s,dv')ds.

and integrate in dv’.
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Key representation
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B(2y) 1 : !\‘\‘erH

vp(y) = Ty Evg [7—71{659}/, éuzy}] e

m We conclude
y ve(y/2)
B(y) = 2 :
E,, |21,
ve |7 Vs <y, e20p2)




Final estimator

m Introduce a kernel function
K :[0,00) = R, f[o ) K(y)dy =1 and set
Kn(y) = h~*K(h~ty) for y € [0,00) and h > 0.

m Final estimator

nt Zueb{n Kn(&u —y/2)

En()/) =

N [<

n—1 Zueun ﬂ,%l{fu— < y,gu > y/2} \/w

m The estimator §,,(y) is specified by K, the bandwidth h
and the threshold .
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